
3: Advanced introduction to probability

Today : basic probabalistic objects

-> elements were areomes
·2 = simplespace/outcome space

some mathematical set

-"all the ways yourexperimentuld unfold
"

· Events : substs of wh
-

A = 1

↳ collection of o comes

· P
,

a probability measure
.

Assigns numer [0
,

1) a IR to

each event : A <1 - P(A) (0, 1)
4

Probability that A occurs

"

E toss a coin 3 times
.

What is the probability
of 7,2 heads?

so, the but approach

(1:
e = Gall square of tosses) witheventation !

= (H,
+33

=GHHH,
HHT

,
HTH

,

THA
,

HTT
,

THT
,
TTH

, TTT)

Event"7, I heads" : A: [HHH, HHTH
,THH

both events can

C = "tails occue ontos
,

#2" : C = St, HT
,

TTH
,TTTS occur

↑

#)umionthatet

Any probability measure IP must satisfy some axioms :

1 0 < P/A)I FASM

2) IP(r) =1

3) Kountable additivity) for
any mountable collation of

events A
, , . . . An which are cijoint A

:
1A

;
= 0

Then IP(UA : / = EIP(A: /



-> IP behaves like "area" or "volum"

#↑(A) is size" ofA relativto size" of1⑯ Iso & has "size" scald to 1

IP(AUB) < IP(A) + IP(B) (in game
IP(AuB) = IP(A) + P(B) - IP/AnB)

for any countable collection,

A
equality when A

: disjoint

Lots follow from above: A:-Ewer(wet)
4) for any Asr

,
IP(A) = 1-IPCA' ~5) If A <B

,
then IP/A) <IPCB)

6) for any events
,

A
,

B
,

IP(AUB) = IP(A) +1P(B)-IPLAB

&amples : Tickets in a box 0
,

1, ...,
9

Draw a tickt at random .

IP (drawing 7
,
8

,
0091 =

3
%

-
= 20...., 93 IP(A) : To

A = 27,
8

, 93

Assumption: all outcomes equally likely

Suppose -2 is an discrete set /either finite or countable

The for any event A,

A = V(w]
weA

↑
countable union of disjoint events

&
IP(A): IP((w3) =: 1P((7

, 8
,
93) = 1P(23) + 1P(203) + 1P(293)

ecialcase :

support is a finte set

& all west
are equally likely i

.e.
w

,

w'R = IP(aws) = 1P/zw's/
The

,
for any event A

,
IP(A)-A

wel

P: IP(A) : &Pliws) = 1Al . c,Ple = 1 =-I



Ex: Tickets
,

0...,
9 in box

/Draw 3 ticks with replacement
2) Draw 3 tickets without replacement

In case
# : P(drawing 789/

- = 20, ...,933 - equally likly
so IPCA): Feli

In Coer 2 : IP(drawing 789 in any order

& - [0, ..., 9337 Eld., da
,
dell disda or dide

or dids]

or me : all subsets of 20 , ..., 9) having size a

|r) = (1)

IP()-

fat: # of ways to chera k things from a set of a distinct things
is (i) in!

"n choosek"

Ex : (Coin tossing
Toss a fair coin N times ("independent"tosses/

Pleinheads
occu t

#"heads-tails

- = 20, 130 : binary segumes of length N

equally likely outcomes

IP(A)-watea
1A, ) -> choose 1 Spots in Length N2.

IP(A
,) = 2 - N(N

Next
, Placinglheads

IP/A

e
fraction of Les

->gotozero exponentiala
fa: if l : &N

,
fix xe (1

,

D

IP( tossing, Nhachs)= /N



#: fix a sequen of bits 1 : 10,
1
, 1

,
0

,
0

,
0

,
1
,

0
,

1, ...
of length N

m people try to guess it.

each guess is by tossing coins. -x(0, 1)
E

IP ( someone guesses
at least &N bits correctly

-PUman
: gets,N corre

~Carson gree aor a

as
Recall : if se is finite and all outcomes are equally likely

,

then IP/A):he

aditionalprobability

let ABC re be earts with IP/B) +O

jet IPSAIB) :_
"Probability ofAgin B" toss]

Rearranging this give : IP(AnB) = IP(AIB/IP(BI IP(B)=

Exampli toss two for susit dien
IP/AnB) =%6

IP(AIB) : To

tossl
A= event that first toos is 't

B :

sum of rolls is S

IPLAIBS
"Redette your outcome space"

Notio : IP/AIB) #IP/BIA)
Il 12

PA

&formulai
-> PLAIB)IP/B) = IP(BIATIPLA

= IP(BIA



CanonicalBayes example)

Boxes& marbles example :

There are two boxes
.

In box 1
.

there are5 red marbles
,

10 yellow marble

In box?
,

ther are 5 red mobles
,

I yellow marble

Roll a six-sided die
.

If rell 1, 2
, pick a muble from ben 1

Else
, pick from box 2

1P(y) = 3

event that yellow is down

- := [41 , r)
,

11, 41
,
12.

,
1, 413

Y = ((1 , 7)
,

12
, 71]

Of
ie is all pathe (left-to-right in diagram

I

↳
event that Box Box mayare

IP(B,
) = 1 IP(Y(B,

) = 1/

IP(B1) = 3 IP(Y(B) = "

What is IP(Y) ?

titionrule :

Suppor events B
, . . .,

Ens we partitione (i. e . BinB=f itj and UB:=ref

There for any event A
,

A is partitioned by 31AnBi3
By Additivity

,
n

IP(A/B,) IP(B1)
~

P(A) =EP/ArBy
Partition rute!

soSAIBIP(BI very importa

So P(Y) = P(YIB
,
//P(B

,) + 1P(Y/B:
//P(B,

- "Y . 5 + . %
=E



2

.RIP
IPLBa

IPCRIB)

Consider : IPCB
, /Y) : "Probability of Box k given

that yellow mable was drawn
"

IP(D ,
()-P/IB ,/
-"Is :"Ye
= 43

agnosisexample:

Suppor 1 % of population has discor/trait

A test for diseas is 90% accurate

Suppor you test positive .

What is IP(you
how discut ?

.
IP(D(o) = IP((D)

= IP/O/D)IP(D)

(D)+ 1P(0(H)(P(n)

=-9. 0 .
0

0.9 . 0 .
01 + 0 . 1 - 0

.
99

= 42 = 0.083

Suppose e is discrete
,

but outcomes net equally likely.

How do we define IP ?

Suppor P: -(0. 1 and pr.

Such afonction is called a probability mass function.

The IPCA) :- was 1/w) for
any Ase

.

This dog a probability measure IP
.



So to dan IP
,

it suffe to find the mass function p.

at
Reali

PAIB) :=
Independence: Event A is indement of B

If IPLAIB)-IPLA)
↳AA

= IP/AnB) = IPIA) IP(BI (symmetric in A
,B

"Events A
,

B are independent

If IP(AMD)-IP(A) IP(i)"

fact : if A
,

B are independent then so are A" and B

A and B

IP(AB) = IPLAY IPSBS

"heads"

Ex .
Toss too /fair) coins -2 - 20.

10,% (1
8

Toss 2

⑥

190 <1909
Toss /

Consider a few simple events : I
,

" first toss is heads

Te : second toss is fails

B : both land tails

Intuitively,
H

.

& Th indepulat

IP (H ,
nTz) = 1P(((1 , 03) = t

IP(H
,
) = E IP(it ,/IP(T2)=

IP(t) = t
T

Claim : A
,

B not independent IP(H
,
nB) = 0

but IP(H,
) + 0

IP(B) + 0

So these events are deendant



Independer of multipleevents : Suppor A
,
An

, ...,
An

S

are some evats. They areindement if

for any set of indias 5541,
2

, .. n)

IPA) FIPSA)

So if 5 = (1,
..

., n 3 then IP/A ,
n ... nAn) = P(A) --- IPLAny

Does pairwise independence imply independen as a collection?

Suppor (A
,
B)

,
(B

, C)
,

(2
,
A) independent. Must A

,

B
,

C be independent

as a collection of the everts?

No
.

Ex : toss fur forairs m = 20
,
13 "

[11,
00

,
11, 113540, 01

,
11 , 09

Consider events "I
,,

In,

S = two tosses are sam = (20, 01
,

11
, 133

Claim :

paintin independent, but not as triple.

·
Tz

P(H,
1

-
ns) = 1(q) = 0

But IP(H
,
1T2) = * = 1P(H

,)It
1

1P(Tn15) = 1 : PlT/PS,
IP(H , 15) ==/

fat :

suppose A, , . ...
An are independent .

Then B
, , ...,

Bu are also

indemult
,

when either Bi = A
, or A:

Also
,

for any ke(1, . . ., n)

if< is "built from A, ....
Ai"

and D is "built from A
, ....

A
,

"

then C andD are independent.



E: Lossn fair ams
.

His "event that heads occurs onth toss

Hi = (w(w = (e - -
-

- - - --
in position

H
, ...,

An are independent (assuming equally likely outcome
N=100

C-event that 310 heads among tosses ,..., 49

D= evat that last2o tosses on tails

D
Independent "coin" toss (i.e. independent repeated tricals

G: build probability model for "lossing a

based coin N times St. tosses are
<> "N tasse of a gucoin"

independent and IP(H
i/ =

g
"

IP(Hi) = 9

IP(Ti) = 1-9

* Box weblu
matea

= thinking about # of blue

H = "leads onth draw"

-"dearing blu onth draw"

Ti = "tails onth draw"

=
"

drawing red/white on kth draw"

Let- = 50
,
131 binary sequences of length N.

Need to define IP

P(A)=P(w3)=

for fair win call outcomes are equally likely
plu)- =N

for quoin consider a particular sequara.



Suppose N= S Consider

w = (0
,

1
,

1
,

0
,

19

[w3 = T
,
nH

, eHs1TquIts
if independence is to hold,

PLT
, nHanHamTenHa) = IP(t

.
) IP/Hu/IP/Ha)IP(Te) IP/Hal

= g(1-q)

In general, if w hasi heads and N-K fails
,

define

IP(2w3) =((w) = q"(1 -q(N-k
((0

,

1)

NeckEswi

Let A
,

be the event that exactly k heres occur (N-K tails

Pla
-N

= IAlq"/1-g)N- k

= (Y)q4(-q)N
-k

(A) = (n) &"(-qN-1

the=
N

IP()=A

-
Binomial thi:

=

(9+ -9)N
(x+y)Ny desired

to Beau Problem (#6 on HWI

G : event that poson
" draws gold bean

SGY"
,

are independit

IP(G)G



IP(G) = 1- IP(d) de Magnisk

-1-PG
independent

- 1. TG

·
--11-tr
=1-(1-foot

· - entit"
ButProblem

al n people : What is prob that

there is a birthday match?
-

bigger, like a lot...

b) what is peb that someon has my birthday?

n people draw labeled beams 1
, ...,

365 with replacement

of two people draw same beau

b) at least on mon dars specific ben

6) IP(B) = IP(G) = -1st = 3

al 22 = 31,
2

, ..., 36532
D. : at that first Is drave are distinct

Want : IP(Dn)

IP(D,) = 1

IP(Da) =3

IP(D,...
n D

,) = IP(D,.. ) = 1P/D.. .. /Di/IP(D,/
zu

Beauer D
+ CDk

35k
365

IP(D.../ =(P(D)

IP(D)
-

IP(Dass) = O P(D22)= 0.

S



Genualization : m distinct marbles (HW problem

⑱time : coin-tossing
, p-coin

IP("hers") =

P

2 = 50, 13
A, -event that exactly K Leads (15) are tossed

IP(Ai) = (i)p"(1 - p)n
k

- (note : if
p : K,-

# of
such w IP((w3) =

p"(- pyn
k IP(A,) = 2-(

particular ifwo has exactly 1 1s which we've shown
Sequence

-a Deviationna
· make n indep,

tosses.

Goal : make sense of "probably about half tosses will be heads"

↑hoem
:

fix 270 small .

IP)
as. Af

en

u
event that at best n (+3) heres our

tossed.

Cray : IP(nsnaAl -zjan

1. Ortionofhe
as

-Plenty
-/sitiful Aff
-(PA) IPlin Auf

infamaretails
-1 - 2e

*n



PE.

(um) See canvas 5 ait writing allob. O

ofsmall number

- large n <many tosses
-> small p (unlikely success

"Ne is not too big"

for peto , 17
,

na
,

K : 0
, 1.n

define Flu, p ,
k) : (i) "(-pn

- 1

Thm : for any 10
,

I fin..) : e for,
choose

x = n9 ↳ to e defines th Poissom (1) distribution.

it is a probability muss function on non-neg,

integers.

ex Xo for a pNu

-e
g(1) :e ·igla-e g(l) -e

+xg(et

P when his, large
, I small,

IP(A)-fn,
p, he when xp

fin,,k)-()" ( -/1
-
·2...(n - k +/

Is terms

m-
1 -G + 1 It : nn (1)E
(i +



All together, limit goes to ex

n tosses of a p-coin

IP(An) : (p"-pn
↳ exactlyi heads

/pe -

Il

&Plan) = 1P(An) = P(r)=

(h) = ! how big? need approx. for!

Stirling:le
n-x

meaning:im
equivalently : In (n)-Int) = o

so for n large
,

In (n) Inlet
= nin() + In(i)

simpler version : for any
n

lesnis note
equivalently :

(nI(n) - n) + (n(n !)5(n(n - n) + 2x((n)

gap : In in + 1

When n231
,

Int') is well approximated byrlus n

& n ! = 1 -2 . 3..... (n-n

In (n!)=k

index
nin -n +15 < nInn-n + 2 + Inn



# ChenZ: random variablesn shit

RandomVariables

X = X(w) is a random variable

a function on

X: R-IR
-> could be something else

; in, rator
, et onmanGoldGiven were X(W) is a number

We write EX : a)-Gwer(X-al

IP(X = a) = (P((x= 23) : (P((w((X(w) = 23)

# : toss fair coin n times

M = 50
,

134

WE is a sequenc

Let X =# heads tossed n = G

Y = # fails w = 0011110) W = 00000000

X(w) = S X(wi = 0

7max # consecutive heads Y(w) = 3 Y(w) : S

z(w)= R z(w) = o

= X
,

Y random variables
, thespaceofradaZ : = X+Y also random variable!

Z(w) = X(w) + Y(w) 3
Range of X : values that X can take:

& (X) = all #X can tak

= [acI/IP(X =a)ob
↳onlyinis

Notice : these events Lase

SX = a)acQ(X)
are disjoint events.

We say X is did if & (X) is countable.

In this case
, [SX = a3)acR(X) Partitions -



So
, acR(/PIX-af

- aRWIP(wer/XIw) :ab
= IPCX=) = 1P(r) = 1

disyete
The distribution of a"random variable X

is the assignment of probabilities to events

(X =abae R(X)

-PackX + Y
may have same

distribution
,

even though they are differnt random variables.

Toss a (fair Coin & times
.

~= 50, 139

Let X : Xcw) : #heate R(x) =20,

1
,

2
,
3

,9)
Y = Y(w) = # tails R(Y) = (0,

1
,
2

,
3

, 13

IP(X= 0) = 2
- 4

IP(Y = 0) = 2- t

(P(X= 1) = (4)2. % IP(Y : 1) = (4)2- +

PP(x= z) = (4)2.1 IP(Y : 2) = 1/21
IP(X = 3) = 15/27 IP(Y = 3) = 15/24

NamedDistributions :

· Bernoulli/p) distribution
, peo,

is e. g.
toss a p-coin n time

PP(X= 0) = (1 - pr let X: So fails on tr, e
IP(X = 1) = p R(X) = 50

, 17 diff variable
,Y - So ,

"" 8same distribution

· Binomial (1,p) distribution

R(X)= 20
,

1
, ..., n3zk

IP(X = 1) = (4)p41 - pyn -

e.g. #heads ina tosses ofa p-coin



& X-Binomial /n
,
pe

Consider Y = n. X R(Y) = 20, . . ., n3
Ye Binomial (n

.
1-p

· Indicatorfunction Let Ae be any event

define
a n : XIwl-1yu)-Eifwe ar

"indicator of A
"

"Characteristi,

IP/#a :) = IPKwB
= IP(A)

IP (#1
= 0) = PP(A)) = 1 - 1P(A)

So # ~Bernoulli (P/A))

Ses . A
,

An
.

An independent events
/

IP(A,
) = IP(A2) = IP(A

./
Let Zul:

=
A, +.

+ Ha
ZuBinomial (n

,

IP (A ./

· X-Poisson (x)
if R(X) = Nusos X30
and

P(X- 1) =
e*

K = 0
,

1, ...

· Xv Geometric(p) pe(0, 1)

IP(X = (f) = (1 -p)" p K : 1
,
2
, ...

R(X) : 31, 2
,

... 3 :N = I P.... /1.pp

cheek :
z

EP(X)
K -1

-P
= Pp +

first K . 1 trid fails
2.g .

toss a p. coin reportedly
u

untill heads occur IP(X = k) = (l-p)"p
4 1 toss heads

Let X = # of tosay until (including) first hads



Def: the mulativedistributionnation of ann.
Xis

Flar : IP(X saf

F: R+[0
, 13

al
Midterm in2 weeks Meester 1

. 1 -Zis

Random variables : functions on outcome space

X : v - R

R(N : range ofX

Distribution of X (discrete case

1P(X: acR(X)
doesn'tbell us everything about X

e.g. - : people in Durham
gene in

X(w) =

age

IP(X=25) = IP(Swev(X(w) = 253)

CDF : cumulative distribution function

for
any rv

.
X,

Fr = F()-IP(X) neR

notation F : IR-[0, ]

Propertiesof CDFs

1) wieflo non decreasing

2) fin -1

3)mf(o

4) for acb
,

+(b) · f(a) = IP(a < X = b)



closed circle on right side

-
5) refer is rightcontinuous

,

has left-sided limits ↓

·
Size ofjump at <

6) ((X=) =Fiflip

By 16) if tis continuous at r., the

↑(c) = f() = f(x) thn

IP(X =y =0

De : A n
. X is aminouslydistributad

if f10 is continues on IR

p =K

E Toss Fair Coin 3 times

X= # helstossed

R = 20,
133

P(X =) =H = t
(P(X = 1) = 3(2)2 = 38

IP(X--/ = 3(t) = %

(P(x = 3) = () = 8

fx(n = (P(X=r)
Visualization (bur graph

in
Ex: toss pooin indefinitely until heads occurs

X # of tosss until (including first hard ocry

R(X) = [1 , 2
,

3
....

3

ID(X-1) = IP(K tails in a rowf
= (1- py"

Fx11 : IP(X51-1-11-prk



for K : 1
,
2

, ""

F(1) = P(XS() = 1-11-p)k

f(r) constant on IRL N

,

-
oo

P-ao
-> I ↓k ! R

P(X-k) : F(1) - F(k)
=PP(Xsk) - 1P(XSk - /

= 1 -(l-p)" - (1 - 1- p)"y
: (t-p)""p - Geometric (pf

Independenceof R.
V

. s

Let X
,

Xz
,

... Xn be real-valued random variables

We say they are independent if

for
any interes 5

., 52
, .... In SIR

* IP(X
,
75.

,
XaE5z

, ..., XnEJuf
= 1P(X, 5

./1P(X=5) . -. IPIXEJf

(X5;/

Thm : TFAE:

1) X,. . .,
Yn are independent

2)

3) for any a. , a , ..., an ERR

IP(X
,
59

,
X259n, ..., Yasaf

Xa
and if Xi is discreter,

4) for any V
,
k-

-, = R(X)
PIX- Y

. Xa- , You

FP(X, = V/



pelo,
is

Example Toss a p-coin N times

X = # heads

Y = # tails

X-Binomial (N, p/

Ye Binomial (N
,
1p

If X
,
Y inderstat

.

He

IP/X = 1
, Y =i) = 1P(X = 1)/P(y:i) Vi

Note: Xiw) + Your : N

P(X=N
,

Y = N) = 0
#

1P(X = N)IP(Y=N) = pV(1 -p)

Let N be random.

-
not true for

,
say,

NePoisson (x) geometric distribution

X = # Lads Y = #fails

Given N=l
,

toss I p-coins independently
Fast : X

,

Y independent

IP(X=Y= j) = IP(X = 1) IP(Y= is

1P(x = 1)=P(X = HN-NP(N-1

-pp
summing or

1P(X = 1
,
y =])=P(X= 4

,
Y=j(N=NP(N-1)

Noki N =Kij

z I "Aprie
Entation hed and of value a nv cantala

#(X) = E alp(X = a) well defin as long asbutsomea
acR(x)

enties ((ax +BY) = x((X) +BE(y)

iP X
,

Y nunhent((xy) = #(x)k(Y)



S

9/26
Enutation (discrete nis

#(X)=GaP(X-
depends only on distribution

key property : linearity ((xX+B]=<[x]+RE[i]

Ex : X-Binomial (n
,p

#(x) = np

Ex : Suppose X-Poisson(X/

R(X) = 2
,0

IP(X= 1) =e

#(X)-
·

-
& ket x"
k = 1

T
-

=
j + 1

-
=

= xet et
= X

Sumformula

Sps X nonnegative
,

X integer valued

~
R(X)-1

,0

Hun

#(X]=P(x4k)
for this specia scenario :

#()
↓,

not true that equal



fby pictur :

E=

↑: Y
S

(x-) = (P(x)

Of for read this time) :

((X) = kP(x= x)

-
-Hisk(P(X=1)

(P(X= k)

E(X

-P(X

Ex: X-Geometric (p
R(X) = 31

,
2
,

3, .-

IP(X =1) = (1 -p)k p

((X)= (1)p
Tedious

.
Let's vertail sum

IP(Xa, () = (1 -p)"

(k - I fails in arou
,

don't

care what happens after

#(X)=P(xk
-(p
= (p)

-it



# 1000 marbles
I gold 999 blue

prize:

Y = Selethe

fair price? ((Y)= EY : K

= olP(Y : a) + 11P(Y = 1

= liton

fairprinte
ferentprize

X =#draws until gold
get $1 each time you

draw
,

draw until you
X-Geometric(

get gold 3
E(x) = - = $1000

Ex: toss a fair coin (p:/
Each time fails is tossed

,

double pot
when you toss heads

,

tala home Prize

X= Sprize Y : # tosss until bes

= 2Y - 1 Yu Geometric (

G(X) = G(zY-
-P(Y

n

-Elp" wha about pin? When th it

Converges only if p >
g

T

Ez((
dent

Lawof Large Numbers

Suppose X,, X
z,

... i
.
d. (independent & identically distributed

Suppor(X) :M.

Consideri

Xh(X ,

x ... Xi)



Statement: for any Eso,

P(Mus) = o

equivalently :

m/
-

ei
Special case :

Y = fraction of heads in1 tosses ofafair coin

(P(Yn =( + /)se
- an

if X=Iiur

&
heads on kth toss

#less in nos e !Exis = fraction of lads ina tashs

= Yn

#=(
-
= E

Y

/AnWhatmore precisefractice ofhedslime. we have a specific
bound.

-

100

MittermPractice

first 6 problems were previous midterm

I G-sided die rolled I tre

D= value rolled on die,

fair win bosses D times

Given all fosus same
,

IP(D = 6) ?

IP(D =/all to suf-Mirahsa·



25 pe(0,
1) toss p. coin 3 time

A : first toss heads

B = third loss fails

X : 5/y -31

R(x) =20 ,

-3
,
2

,
5)

P(X = ) = IP(A1B) = 1P(A)(P(B) = plp

P(x :.3) = (1 - py

IP(x =2) = p(t - py -PP(x= 3) = pr

5. 100 bess

good to white

100 people draw a bear
,

no element

Pobfirst white b

- = 90 is low's So
be ana

redWhite ↳ arrangea
white bears,

· (800
- : event that brown I draws red been waysIrel
↳: last fron draws red been

(4/7)-
190(1%"

not equal !

&



Tolos Todaybycher's brequality
· Variance

· Weak LLN (finite variance

Thm: (Chebyshev'sSrequality

Sp X r
.V

.,
X nonnegative 30

The for any u70 ,

1P(X3 Y)StE(X)
mean

↓
Note: only refe whe

,
i >(X)

e. g. let v = k[(X)
1P(X-- x((X) 3

Ex : tickets in a box with nonnegatin $
1P(X, $1

,
000

, 000) ?

If #(X) =$100more likely to draw $1M
=> ECX) would be greater

IP(X109Str

odlay: Ses Y is an or With E(Y)-u las &

Let +0

IP((Y -u)+/

-PEN
j w

Variance of Y

VAR(Y

: If Y has finite mean(V) =

M,

than IP(14-/,)EVAR()

: (Chebystuf

Let X0. for vao defin

Au =3Xv3

Au : (x(u]

Note:A* S
*



So Xw) = Xus = Xu) (#au)Haswi)

lim
Thefur

E(X)-((X
1-
/

Xie=G we
z

X(w) >, U

So claim :

Xu#swA

#(x) ((XH 1)K(va
= vE(#Af

= vIP(Auf
=uIP(X, up

PP(X =,v)St((X)

If E(Y) =M

IP/1Y-M), #) = EVAR(Y) : - F(1Y-MT)

Def: Suppose Y is n.
With E(Y) =M Finite

VAR(Y) = E((Y-m(2)x0
= ((Y - E(y)))

Praties:

o) Ifk(y)>8 then Var()

and VAR(Y) = #(Y*) - #(v)
1) Scaling : for

any
aeR

, VAR(Y) =VAR(Y)

2) Shift : for any CelR VAR(Y+= VAR/Y/

3) Suns : spe X
.

Y nus with fine varimm.

The VAR(X +Y) = * and

VAR(X+ Y) = VAR(X) + VAR(Y) + 2COU(X
, 4)

When COV(X, Y :=((X -my)(Y-My))



-unconated", doesn't imple independence

↑ If X
,

Y independent, then COV(X, Y) =0 so

VAR(X + Y) = VAR(X) + VAR(Y) - "Pythagorean the
for Random Variables

Properties:
E((Y

= #(Y2 24n +

u=
= E(Y)- 2u((y) +u

?

= E(y
2)-

u
=

2

- E(YY - ((y))

Scaling : Var(44) = (((xi)) - ((ai))
= ((Y]) - (())))
= VAR(Y

Shifts :
Vor(Ellz-Ma

Mz = ((z) = (((Y +My c 4
=E(Y+1)

= VAR(y)
= E(y) + C

= My + 2

Sums: VAR (x+ Y
= ()(x+ y=((x++)))

= E(((x -my) + (Y -My)(2)
= (((X-m) + (Y -M,+ 2(X-mx)(Y-mi))

= E((x- Ma() + (((Y -m)) + z(((Xm)(Y-m))
= VAR(X) + VAR(Y) + 2 cor(X

,
Y

If X
, Y indep

,
Her E(X) -

My = 0

-

E((X-

Mx)(Y-my)) = ((X-mx)((y-m) = 0

Standed deviation: SD(N =M
"VAR(X) = G2

"

Istand and
deviation squared

Corelay : If Xi
,

Xa
, ...,

Xn independent,

VAR(X,
+.. . +Xy) = VAR(x

,) +... + VAR/Xn)

So if X,
, . . ., Xa Did with VAR(X, = 02

Then VAR(X,..-,Xu) = nor



Suppose X,
, ...,

Xn independent with same Mean
,

variance

E(X) =MVar(X) = an

Then ((X,
+-+ X) = nu

VAR(x, *. + Xy) = not

Markov :

IP()(x,
+ .. . + xy) - nu)y+) = +Va(X, +...+ x)

-

Let + = En

IP(((X,+. -xy -na,2)
kLIN:

Suppose X
,X,...

is a segura
of independent variable

With saw distribution and #(Xi) =M

/Sp VAR)X) =a f

Then for an 670
&

im(p()

Pf :

-

IP()(**y -m(, 9) = ((((x,
+ -- + xy) -nm/zna)

which goes to zero as nex
.

it's+ Joint distribution

Sps X
,

Y
pain of discretev.

- = outcome space

X: r - IR VireR

Their joint distribution is the assignment

(2
,
b) IP(X =a

,

y = b)

for all ac R(X) be R(Y)

Meester notation : Px(, b)
:

IP(X : a

,
Yob

defines a mass function on IR"

retrb) = *



Note : IP(X: a) =EP(Xa, it

e
marginal distributionof

1

↳
P(Y : b)=R(y/

(P(X =a
,

Y = b)

= (P(Y = b(X=u)(P(X- a)

Given a E R(X)
,

bi(P(Y= b/X=a)

defines the concditonaldistribution of Y given X =a

Similarly
,

conditional distribution of X given
Y =

is

are IP(Xa(Y-b) = PC

Recall : X
,

Y independent

(P (1) : a
,

Y= b) = IP(X=a)(P(y = b) VacR(x)
be R(y)

If X
,

Y independent, then

uP(X= a(Y = b) = 1P(X= a)

Conditional marginal

# Marginal distribution of a pair (X,
Y) do not determine their joint distribution

To reconstruct joint from marginals
,

we need more into (e.g. independence

Ex: toss fair cin 4 times

a = 50, 131
X

,

= #heads in Posses 1 &

X, = .. 12 & 3

Xz =
"

"""3 & &

wer e w : (W
,
w

,, wa
,
was wiedo, 17

X
,
(w) = W

,
+ We

Xz(w) = Wz + W3

Xz(w) = We + we



Distribution of X:

X, Binomial (2,

X~ Binomia (2,

Xyu Binomia (2,

P(x-)"
Joint distribution of pair (X, , Xu)

(a, b) to IP(X: a

,
Xz = b)

-

eL
!

Joint distribution of (X
,

Xs

i IP (X=0
,

Xa = 2) +o = 1P)X,
= 0

,
Xa =2

Xi

P(X=k)=,X:,Xi

i
:

X
,



Conditional distributions

x
8 Y Z

X
,

Conditional distribution of Xn given X,

= Z

(X.

= 23 = ((44:

(Xe =/X normalize,n

i
Conditional expectation of X given Y :b

is

E(X(y = b)

-alP(X =a(Y = b)

ContinuouslyDistributed ris

A random variable X : -eIR is continuously distributed
if whe IP(Xsr) is continuous for reR

r
Caf

i.
e. CDF FxCr) is a continuous function

i.e
.him fo : Fulo

A continuously distributed in X has a density fly

IP(acXsb)=findy for all a cb
,

a beiR



f(b)- F(a) = (P(a(X(b)=fab
foot if X has CDF & densityf

,
the

b

F(b)-f(a)-(fd
Vazb

=> f() = f()

functionf is a probability density on IR iff:

18640 by

2) Syfedy =

Note:Sus f maybe

IP(a(X=b)= furdy
= IP(a < Xb)

a

e
only for continuously distributed RV

= IP(azXb)

a + E

Let 177300
,

then IP(X(,
a+])=(fctd-

~flat iaFl

filimfuris

BinaCases/Examples

***
X-Uniform(20
X has density F(g = S! To is

CDF :

fan = PP(Xs)

= ((X= (0
,

r])

-Fly
E

r CO

- Pre



E er

~ Uniform (Ce,
w]

if it has density

fan-2%ea

let lacbera

IP(Xe(a, b))= fardy = b

General fact : if X is continuously distributed
,

then for

ayveIR
,

P(X=y = 0

for
any

E
,

IP(X=>PP(Xe[v
,

v : 3])
v +E

-Ifayldy (if density

=Flutal-f(u) (if not

IP(X=u) Sim(Fu-f-

Pep: if G:IR + (0
,is a function satisfying :

I G is nondering

2)im Gen :I
red

3)ing di : o

Then G is
a valid CDF

dirX discus
, the

(P(X - V) = 1
- countable

But in continuouscase,

EPP(X =v) = 0 ? uncountable
VER

1 = 1P(XR) /L
= Plim(X= -3)
-P(x=y = 0 ?



Suppos [Aa)
,

are disjoint events.

PP(ta)=P(a)

If collection is countable

E ~Normal cvarium t

"Standard normal"

↳
Ex. Xu Normalfun g

mea varians

if it hasdensity
Ex let 190

. X- Exponentia (A) analog of
geometric distributionif M(Xa, -

Gettoo
CDF:

IP(x,y) =(

density :

x -fu) =(
funded

Suppose G: /Be [0
, 1) is any CDF

Defin G"() = min[seR/G()2+ )
"right continuous inverse"

(if G investible
, G(d"(+)=+)

Pro: Let X-Uniform(20, 13)



Then let Y = G" (X)
The P(Yst) = G(+)

i. e
.,

CDF of Y is G.

I
G'(+ ) = a

Y = 6" (X)

Pf: (P(Y = a) = IP(G"(X) say
S

-if G"() sa conversed
,

if Gla) Itfatide => min(s)G(s) m+ ] Sa the a c (s)G(s(4th
=> Essa st. G(5)+ so minGslocsuit] sa

= (P(G(a)z, x) => G(a)it since G hunderessing => G'() sa

= IP(Xc(0
, G(u(7)

-

Glo
= G(a)

So for
any a

, /Ysa) = Glas

i.
e

., Y has
CDF G.

Ex : consider G(s) : (less
CDF for Exportial (x)

compute : G'() = -

,
Y(n(1- +/

So if X-Uniform (20,
13).

the Y =*In (1-X) ~ Exponential (

10/22 Continuously distributed RV

X is continuously distributed if

trf =P(X = +) +ER

is continuous in to

=> IP(X =1) +0 for any reIR

some ask

P(a(x= b) = f(b) -F(a)
b

= /fudSensity



SpsX has a density fC
. Expectation of X is

E(X) :Infind

Recall :
o

finder
compari

E(X)= fund

to discrete can

Ediste e

Density can
: ECN is will-define

If Idra solutely
If g

: /R-IR and X has density f
,

then

#(g(X))=garford
recall discrete:

#(g(Y))=gPT

Moments:

#(x) :Priced
Vam(x) = ((Xy -(t(x))

Popties :

E(aX + By) = x((x) +B((y)

Examples
1) Let X-Exponential (x)

density : fin = Sox-

ECN- find
u
=Ar

-Pred
-- Gre de



- T(re)d +Yed

-retu Dero
=

0 . 0 + 4

So if X-Exponential (A)
,

then E(X)=

Vor(x) = E(Xy-
E(X) : Tr for d

-Tre*
de

-Ele
-Gretde

- petr/Breta
= 0 - 0 + 2

Var(X) = ((X) - E(x)

=- Y - *

"Memoryless proply"
X-Exp(+)

(P(Xz ++ /x+)

· IP(X-s) V+,0

PP(X + ++ s(xx+ ) =
1P((Xn++31(x =+ ))/(p(X+

-
- ets = 1P(x + s)

Ex : Let X-Normal (n
,

aut

density : For e



Fat :

Let isu
then Y-Norma (0

, 1)
0

This X = oY + M E(V) =ye Ly
=(X) -Elo w

-
- O

oldsymfa
=

M

Var(X) = Var(oYuf
= a
? VAR(Y) j

Van(i) : e(i)-c
-Te
= 1 (trust!

So if X-N(u
, any

th E(X) =

r

VAR(X) = o?

Suppor X is a random variable

PP(X + 0) = fix n7/
R(x), &

defin two approximatingvs
,

Yn
,

Zu

Yw=k if 12"Xiskazi
Ensure(kafzi

-

So by definition :

-N ↑-
-

O -

Yu (w) -Xz(w)
&

1

for anyonf
discrete

claim

mightdefiniim
Claim : limit exists + agrees W/ formula

#(X)= rfinder when X has dens

X:R-IR

Y*



Notice: Ranc of YZ is [0
,

124
,

z. 2, ...)

so(=EkzP(12"X(f+(2)
k= s

#(E)/

E(Z)-E()=
X

=P.
=en
= 2

As new

im(z)- E(Y
,
/

im

E(Y) increasing
# (Er) decreasing

=> limi E(X) exis

im() =im = E
nex

Samestrategy: derive tail sur

E(X) = GP(x-+)d+

(abou broms rrmann sums/

For gerad riv
,

write

X= X
+

- X
,

X
.,

X
,

7, 0

businepartregate put

E(x) = E(Xy) -E(X)

loleasumFormala
any or the

↓

E(X) = (p(xz+(dt
-

fix n = 1
,z , ...

Define Y = 12" if k2< x5(k +)2

ZnazI ,
1

for k = 0
,

1
,
2

, ...



= Yn(w)X(wr > En lu

th #(X) =im im
S

range of Yn
,

En is

Ek24/k= 0
,

1
,

2....3

range ofY andEn

is [K/K= 0
.

1

,
2, ... 3

tail sma

Y
So(in):(2)
=>E()=P(zi)z

Sinm YnX4 Zu

IP(y(a) = 1P(x >a) = IP(z)

So #(i)= (Y;22

↑ ;P(Xj24zn
-((z)both converge

to E(X) as M
he do

So #(X) =im P(x
·P(x+)d+

57 X has density f(x)
,

then

E( :Sxfxdx assumino

the integral converges absolutely.

Two
or more continuously distributedis

-> Joint density

TCR2
· T=Sye" os

, osysB
two ways of picking a random point :

T
1) Let (X,) be uniformly distributed on T

10up ·
, up 2) Let Xu Uniform (2013) then given Xer,

2

let You Uniform (20
, 3

Let
a e (0, 1)

.

IP(Xsa??

Cast

:
case I

: IP(X-
-a) :

a

:

·



·X (0
,

1)

X (0
,

1)

ef A pain of real-value rivis (X
, Y) has a

joint density F(x,4) if IP((X, / c B) : /Stex,y exy
for any open

BCIR

in particular, => 1) Fxdxdy :

Back to triangle example :

cat : (X
,
Y) ~ Uniform(4)

IP((X, Y)B)-
if BET

(X,
Y) have joit density

f(,y) =Go
[daddy

oh disc joint distribution

IP(X : 1
,

Y =j) = 1P(X = k)X=j)(P(y = j)
mu

Conditional distribution

Continue case :

If (X
,

Y) have a joint density F(x,4) the

the conditional densing for X given Y :

y
is

testY

of Y

Similarly,

F(y(x) = F
X

F)-fxdy
Ex() =fixy

are marginal densities of Y
,

X
, respectively

Note:a



Mortagen)
music test is E(x) :50

Given X=~
,

YmUniform (Co,r
Y((0, x)((x) : 24 yea

,
x

a
conditional density

= f(x, y) = fe((x)fy(x)

·
10-got notes from ga

Tolzi

statassumption :

X,
,

Xa
,

Xz
, ...

are iid (independent
,

identically distributed

Let u=E(X) an : VAR(X:/

Law of large #s :

#)=

((2x) -m() = 1 distribution concentrating at 0.

S ↳
-planetBzu

An = shifted average

Consider :

.imE
M N

growing with n typity smal

~
Se

Vam(sal = Var (* var(X

:



lim(an
am

~
Sn

~> Folb):Be dy
= (b) - 50(a)

- body
:
s
of: Note: redefin Xii

So may assum n =0
,

G = 1

Doesn't change An

Lets
prov

cas as:

Pb
~

rllb

Thm: Assum M =0
,

0 : 1
,

#(IX:1) ad

Then

lim

let Fol : Ed
fy(x) = 11 (x)

(. w
,
b]

IP b) :E
- E)#(0, )*

bi

Cht :Fro*
Fact: let Y

,
Ye

,

Ts
, ...

be indspelt

Y -N/0,, )

fact : Min N,
standard gaussian



IP) b) =(b)

-(f)
might as well replan the Xi with gaussions iSo CLT equivalent to :

/ I
imE

Special can of Lindenberg-Levy Cut

Maybe this holds forany "f ?
Notice

: - is discontinuous
I

~
O

let f(x) f(x) s"(x) -"thrin-diffable
I f agree with f outside of

E-radius

Let Sn =Min

Gn=

#(f)(sn) = ((ta(Sn))((+"

(sn))

Claim: Elfu) -ElfG/E
Elf" (s) - E(f"(n)=

Sinc ff" arbitrarily close to fo
,

this implies

E(fo(su) - ((fo(t) +0

So ChT redursto thinking about

E(F(s))·(f)
& G - N(0,)

forsom functions (either -For =fu

↑Continuous
.

Idea: consider effect ofswapping Xi, and in
~nfor danN10,

11

Defin On,
...X + Ykx + ... Y

M

Quo = Gn Onn = Sn



so can write : (F(s)) -E(F(G)
= E(f(sn) - F(au))

= #)F(Quin) -F (Q
.
off

=((i,) - F(Qn
,
x))

-(((

Qu=i
&m

.let
term ofcontention-

Ref : U,i
+ Man+--- in

M

So

On
,

= Un * F
On

,=Hist

So(Qua)-F) An,
-F(uF(4

now estimate this difference- calculus

Hellor'sthin :

1

Suppose f is 3 times diffable
.

Then-minit↑(x + hi) - f(x+ hey

when IRI> C(min(hi, 14. 1) + min (hth.

" /

*(+-(U

-Ki[
#((Qn -(in,
-E((+E( ( + e(R)

-> same mean "varim

-Ene
= E(R) !

I(r/min/min)



So ((F(-F(G)R
ilup
RecallCLT:

Thm : Let X
,

Xz
,

Xz
, ...

be iid
.

With

u
: #(Xi) and o= Var(Xi) > &.

Pa-d
note : m is the standard deviation

of sum En = (X,
+... * Xu

as 5b

S> mutants Ens nut bon all equivalent

ans Z-nusbr

In particular, if a= -1
,

be k for some ke <1,
2

,
3, ..3

- Kat Zn-unskut
= event that "In is within k standard deviations ofits mean

"

"When K is large, 3
, say

"

Consider scaling of distribution of En.

ImagineEnt
H = evet thatlith foss of a pocoin is herds I
((zn) =

np Var (Zn) =pll-p FundinpaiSp(z-Mnpli -p

We know En~Binomi (n
,
p-

(P(zn =1) = (h)p"(1 -p(
k

um
complicated wint

.
Is

CLT :

IP(mp-k Zu emp-kn
gr under i

LLN:

(lun-nas En suntne)
↑

grous order n



issonpoximationnp) = Binomial(*)
with p- * ((z) = pn =+

(x fixed- big differe blu this and

im IP(Zn =) CT: distribution parameter changes
with n

RealGaussian thing

5(b):e
↓

l. S SD's above mean

5(1. 5) = 0
.
854/

5(3) = 0 .
9987

Consider fair coin : n = 100 tosses

p =

Var (En) = np)l-p)=

Sp(z) = m
for n = 100

SD(Zioo) =Mos
#(Zoo)= so

What is probably too eles, so

= IP(-1 · SD(Z00) Zoo 2 · SD(Zoof error is order t
St-

=Yet

# toss n fair coins
,

assume n even.

#(zn) = 7

What is IP/En
↑

k=

- ()(a)- /n-

-(n)(i)

zac 50,
1
,

2
, ..., m3

= P(Ene (k - k
,

z + k))ymean

By CLT: = Pl- <Z-akef



Var(zu)= SD(zu)=

= In

So

= Plspa-z - H(zn) = GSD(z)

o
~

Imaginea box with gold/silver mables

We don't know fraction ofgold.

Study the box by repeated independent sampling w/ replacement

make n observations
. Sps fraction of gold observes in draws

is Xe 20, 13

So #gold drawn is X= an

What is best gues
at population fraction of gold in box?

Idea: use Bayes The

Imagine frction of gold in box is radum

Y = fraction of gold in box

Given Y=p the conditional distribution of X is

X-Biromial (n ,
p

S

Discrete Cage :

Assum M marbles in box
,

so

Ye[0,,
,
... i

Assure Yr Unit(0-3)
Ask : given X = anobservation

(P(Y= p(X= an) = 3

(p(Y =p(X) Juskon distribution ofgiveois



Assum YerKnif

IP(V = p) = "Mi
As function of p, putaion has the form

prep(y - p(X = and

g(p) - Can pany-pyn
- an

= polymein
CampanapnaCan(pac- p)

Idea: treat pas r.
V
., sample population, as n increase,

will center around true value ofp

Midterm 2 moved to tuesday
,

21119

gLaw of Large Number

standing assumption : X
., Xu

,
Xz, ... bea sequare

of ii. d . NV. With

E(Xi) =Mad

WalLLN : for
any Go

imp)(u(z)
mu ~
measured aveey close to mean

StrongLe

p(im
* Random variables are functions on 2

X
=

(w) :1-R

define : Y(w) -unle
Excurs

my,
is a sequence of functions one

Both versions say something about convergence of

Inconstant function



Difference in notion of
convergence .

this is just convergence in measure

Summarize : - E-bad set Bris-Ewern/suru) 2, 53
WLLN VR "in probability" - has ho /Bra) =o for any

E

SLLN Y for "ae
. " im IP(Bn

,
)

Blaim : SLLN equivalent to :

for

anysoa Bria)
=>PB) - o e MisButhis

Consider te eventWBa
What does it mean for

Y(w)fu
for som E,

lincur eld for infini many ofthe his

=> WeUB forall

= wel Br
,

thatour infinitely often

i
.
e. Bas occus infinitely often

If (SLLN) :

for Br
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for
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WLLN:Lim IP(Bn,-

SLLN: PlaBra) = o

Cantellitemm be any sequence of evena

Suppose(H)

Then

Plen



: for
any

my1 ,

Pli, Hu) IP(num Ha
mIP(Hn)
un& ..
if m - &

,
this goe

doesn't depend on m
,

so we let me to

So remains to showP/Bua) > O
,

we are done (by Bord-Cankellif.

TR
I finished prof of SLN

2) Poisson Arrival Process

Wit random process & # of crinds
up to timet

+ is NCt
,
w] random

function of time
waiting time

Def : Let W
,

We
, ... indep with MiwExp(y) forfixed , o

The let An-W-tim ofth artial

Wis" time bir (K-1thand kath anira.
Then NCH = maxEnzolAnsE
6 ofarrids that have oced until time to

= # arriv in (0
,
7]

Wi = mux (n),Wis
un

An e time ofworld is within t
,

max of arri #

Def2 : NI satisfies

1) N(0) = o

2) for any osest

NCH-N(s) ~ Poisson ( x(t - s))
# of arrives in (5

,
#

3) for
any

Ostoct,...str

the th ris ENCs)-NCam indetect



Thim: these are equivalent def's

T19 Joint Distributions (Density
- Conditional Distribution (Deasily

- Marginal Distribution (Density

Discret
a DesCase

X
,

" have joint density fix, ye

Joint distribution

IP(X = k
,

Y = j P((X,A)=Add
Margina distribution Marginal densely

P(X) =Ery(X=Y=: **) = & f(x,y)dy

Conditional distribu : given Yoj conditional densty
13 itIP(X= k)Y =j :
-IPHIN

IP(X = K
,

Y=j)

=vers(X=, Y=i

Ex: sp X
,

Y have joint density
f(x, y) : Ecexy oxya

else

I

c= Teddy
o x(y)x



Marginal distribution of Y ? of X ?

Fy():xydy =edx :Get a

:xiddy
Sps XwExp(a) X

,
z independent.

zu Exp(x)

Conside Y : X+I then (X
,
Y

has joint density as above.

2) Example w/ joint density

Sps X
,

Y are arrival times of

two students at the library

X-Uniform [0
,
1 XY inde.&

~ Uniform [0, 13

Let W be th time that on student weaits for

the distribution of W = /X- i)

independent -> joint density perdut ofmarginals

f(x, y) =
1 (x, y)c[0, 132EO Otherwis

IP(War)
= IP((x-yar)

= ()f(x,y)dx4

(x ,y)/(xy1ary = H·
= 1 - (1 - r)

·imerf
= zr -r

= r(z- -)



IP(war=E is Fir
density f(w) = Iwan) =[22

BorCanelli Har Cedin)
B

ares /Al = ce
coun by hi i *

Ap = ets covered by 1th pice

EA let W= set of ets could a
infinitely many pieces

Sps we know /An

&: find condition on
Ms

%. Il mustar o

: XeW if for
any

10

X An

Xi ist

Cantelli: If Aw) d

then Iw) = O

Iw/s Instr
/Aut

Sps X
, Xe

,
Xa

, ...

Did.

Xi - Exp(x)

Rn = max (Xi
,

Xe
, ...,

Xn

IP(lim

fixa IP/Rys
= IP(Rn =na)
-1-1P/Rnsnag

ne d

= 1 -1P(max(Xx .., xy) =ny) = 1 - 1P(X: sng)" - o

= - (l-etuan



IP) Rad for infinitel, manyh ↑
if> Her by BretCall

=> IP/mR

Sea turtle lays eggs . # of
eggs is N-Poisson (1)

E(N) =X
Each egg hotos with probabily pe10,

11 indent ofeach other

X = # of eggs that hate

Conditional distribution of X:

gran N= K
,

is Binomial (k,
p

((X(N= k) = kp

E(X)= (X((=(P(= 1)

-
= pP(N
- pE(N) =

px

((xy) = 2 k(x2(N= x)IP(N= 1)

· [Kp](N
= p(1-p)((N) + B-((Nz)

((y21
MarlChain - discrete

Ex. swiz
N50

,
I
, no

Xn-state of system at time n

Yn : Xn(w) R
.
V

.,
YneS "State space"

S is a countable set
,

often we assume

finite



Xn :
2 +S

nis Xn/w) defines a random path
throughS

Ex : S = E cloudy" "Sunny"

Ex: S = Gletters in alphabet3
Xn = letter in position n

- : (w/wes"]

Mopeoplee ad time
na

relate

to its history.

14) for any ny1
, X

,yeS and

history sequence ap,
,

a
,

an
.... and ES

IP(Xn= 11Xn = X
,
Xi*

nei
, ...,

Not au
~

= IP(Xn + 1
=y(Xn = ) "entire history"

Also forany n
, X

, yes, any sets

Ao,A
, ...,
AnS.

IP(Xna = Y/Xn = X
,

Yn-1An
-, .... XocAof

u·/
probability of

a transition from

Xie y given Xn = X

inhomogeno,/Xa = x) = P(x,
)

not depest on 1

matrix !

P(x
, y) = PxY X

,yes

Any transtion matrix must sutsfe following:



0 S P(x
, Y)5

for
any xes

[P(x, y) = 1

YES

Ex : Simple random walk on a graph

Let G = (V
, E) be an undirated graph,

IVI &

·[↓

no more than one edge per vertex pair. .
Random walk :

S = V

Edges define allowable transitions

Given Xn =X Choose Xnx'Y

uniformly at random from

neighboring states (X ,) E

Play = 20 if deg(x) = # ofneighbors ofx

Ex : zstate model

a

1..
D'b

Lb R

P = 2.2 matrix

↳ R

i
Ex : (biased random walk on

I.

S = [

· as
P(x,

y) = S,

Ex Moran Model

Nindividuals in population



two types : red and blue

Xn = # of blu ulls at "tirn

N- Xn = I of red

At each time:
an individual is chosen (uniformly

at random to be clowed

and an individual is chosen (uniformly at

independently↑ random to be eliminated

show same color absorbing
absorbing ↓

Y state A red dies
,

blu cloned

A
-

·Di⑧ &S = 50,
1
,

2, ..., N3
= ii)i i+ 1 N

red cloned

l)(Nf sit

mir .Sti
blue dies

↳

Cimputations w P

Suppor Xo = x

P(x, y) = (P(X,
=y/X- x)

Suppose Xo ~M

M
= probability distributin on 5

Ou,
IP(X. = x)

IP(X,
=y)=P(X

,
= y(Xo=x) (P(X = x)

zim
u(X)

P(x
, y)

-xP(x,)

:

(uP
now rector

IP (X
1

= y)=P(Xn =y(Xn-

= Y(P(Yn = x)
un

P(X, y)

if
M n

is distribution of Xn
,



Mn(y)=M
.,

(xP(x, y

So
Mn =Mr. ,

P

=

M.
puth power

ofmatix p

P(Xn =y) = Mn(Y)= (xp(x
, y

Let oaman

IP(Xn =7
,

Ym = z/X. = x)
↑

Start at X
.

pim(X
,
z)p

*

(2
,
y

&Xen
,
Yo

= P(+n
=y(X. = x)

pimx,play z
,
4

= (p(m) p(nm))x
- pla,

Let a, a ..., an S

IP(X
,

= an
,

Xn
.

= an
., .,

X
,

= a(Xo =x)
= P(x

,

a
,/P(a

,
an) ... Plan.

,
and

Stationarydistribution

A a probability distribution it on S

is a stational distribution for the chain if

#P =T

meaning(P(
,) : H(y) for all yes

# is alet eigenvector u/ eigenvale I

If Xo24 then IP(Xn =y(X) = T(y

IP(Xm =Y /X = #)=P(X = y(X = x)π(x)



=(p((x
,y

=

T(y)

S
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/1213 CculationsW/Markov Chains

Exitproblem : 15/ X, chain is irreducible

let a bes be given.

Define Ea = min (n+0)Xn = a3
a

-first tim chain reachy a #yo

Q: What is IP(Tb < TalXo:) &

"
=P(X reaches b before of

shoudepend on ·-where you
start

=: h(X)

initial state

Claim : h satisfies lineosystem of equations

first : simple cases : h(b) : 1 h(a)-o

Think about conditioning on first step :

don't need

Mhi : EstaXY, Xo =/Yo:Yes

h(y) P(x,y)

Thus for any XcS/Ga,
b 3,

h(x) = [P(x
,y)h(y)

YES

& : S-1R solves linear stemt for all xes'abs

Her
PriceProblea linguished stakes

Let gly, be the prize for reaching yeD first

g : D - IR

let en-min(no/XED] = First time X arrives at distingurand state



prize for first
distrused stake reached

Excell Prize : #ge
Note: if D : Ea, b3 and glyp:do

Thn(g(Xxp)/X:x
=)#325a3(Xox) = (P(=ba(Xo= x)

squa
hex) satisfies linen system :

E h(x: P(x
,y fo x

h(x) = g(x) fo XD

Ex : random walk on I
. fix peco, p

#
Start at X 0xch

nw = 1P(En > tolo-) ?

h satisfies linear system :

h(0) = 0

h(h) : 1

(x)h(x) : EP(x, y)h(y)
YES

for x = 1
,

2, ..., L

h(0) = 0

h(L) = 1

I*I : h(x) = ph(x- y + (1 - p(h(x -1)

Case: unbiand walk p-

h(x) = th(x +1+ th(x2)

= E(h(x-y) + k(x2))

must bealine

ho) =oh() = h(x) = 2 X = 0, .., !

If =, to then toL

=> (P(2044/X0 = 1) +4

& (to(X= 1)=/



2
= + 0

oops

Case2: binad walk

Assum pe(t
,

1)

(biased to the right

System :

ho) = o

messing n.

h(x) = ph(x + 1) + (1-ph(x- +

h(X): = <(p+ 1-p)

=

Try : heater for som r

~ satisfies

h(x) = r = pr*
+

+ (1 - p(r
* 1

=> 1 =

pr + (l-p)
M

strable quadratic egn !

So hext : -"Works so long as

~ satisfies r = pr2 + /- pf

r = I is a root.

pr-r + (1 -p) = 0

(r-y)(pr - (1 -p) : 0

r other root

General solution :

h(x) = 4 +())) h(0) = 0

h(x) = 1

C = Ve

n() = a - () =

c (1-1)) =

:
So h(x) has the form

her



pi = 1 -pp

=>

h(l) = 1P(EE)X
.

- 1)

-it
1P(to -L/X:/1P(5) - 1-

R
=

= 5573

Ra = 500 = ob!
IP( = /Xo =) =imp

- 2

for biased walk p #z, the origin

land every stake xes) is transient - - positive probability that you'll
never reach stake

formbias walk
, every stake is recurrent,

but expected time of return

#(50(X =x) = xxto

timeproblem
Lo Das distinguished states.

AssumeIsK*, irreducible chain

Ep = minEnyolXneD3
let hex = ((=p)X =x)

h() satisfies lime system:

for XeD : [p = o h(x) = 0

If X*D
,

must take at least one step.
Condition on this: Tp = 1- remaining tim

Ep

#([p(Xo =x)=(xy·XP(X-
= G(1 : En' 1x

,

= 7
,
%)P(x, 4)

YES

+P(x



= P(x
,yEPyo

= 1+ P(x,y)k(y)
↑ un

first step expectat time remaining after
first step

ireluibh uniquePhAs a

/1215 Last day ! MentorChain Monte-Carlo

Let 15/ *. Suppose F: S- [0
, 0) is

sou non-neg function on S.

Let n(x= xeS c-
probabilitydensly

roblem: how to compute statistics of i without knowing ??

Typically
, given x

,

f(x) can be evaluated "easily"
Isk>1 may

be so large that we can't compute c.

ety

Compute E(g(x))=+

Idea: build
a

Markov Chain Xn on S so that it is

the stationary distribution. I assuming chain is irred
,

Thnlimg(x:(g(x
aperiodic

Expo Bayesian statistical models:

X = parametes inModel

f(x) = f(x
, z) = likelihood ofparame X given data -

2) Statistical Physics

Ising Model (1920's

X = configurations of spin ofmany atoms

f(x)= e-BH"
3) "pick a random sentence

S = all 100 letter sentences

= 10 A= Ga,
b
,4 ...,z3

= Ex : (1
, ...,

bool/liA3



15): /A)100 : 26100

Suppose fist[0, so
f(x) = eB(spaid words from a list

W = Eprobability " "Duke": "finals"

Thegorithms
11 Metropolis-Hastings

2) Gibbs sambling

1) Metropolis-Hastings (1950s

Inputs : F: S-[0
,/

& (x
,y) a transtion probability on

Algorithm : Given Xn=x
, generate Xne

,
as follows. X = (1

, . . ..., Pu

S1 propor
a new stake

y according to gx, up e Pick index Ke[1 , ...
, N3

2) Acupt or reject : Draw new letter I' A ↳ gis protina

compute x(x
,) = min(1 replala

toss an x-coin :

heads - acept, set Xn
+1

=

7

fails -> reject
,

set Xn. X

Cam : TW):& is stationary for this chain.

-transitionpobability impt at
#: Need to show ST(xP(x, y) = + (y)

suffice to show(x/P(x
, 7) = T(Y)PCY,XIforallBalan corationBecau ifholds

,

tur
=

-
(P(x,y) =(π(y)P(y,

x) = π(y) & P(y
,
x = T(y

Lets prove
thatRetailed balan condition holds.

* x- y
,

obvious
,

so consider x +y· May assum #1191Y,
x F(x)& (x

, y/
x(x,y

P(x, y) = gu,
yli

probabilitythatyou propor

= 9(x,y)T
So

P



GibbsSampler:

Specific to S of the form SAN = Ex = (1.
....,e) RicA]

eg.

A : 54
,

-13 &
:

-

Spin state of atom i
f(x) + e

- BH(x)

↑ithmiGivenGre
aa

2) Resume &,

l, st
.

Fozen frozen

Plan
setTra Ch,..., a

,
Micha

, lu


