
622: General relativity

Today : Newtonian Gravity

m =Gum
pick wats to

a = 1
....,

N particles ↑ Mal it !
I

G : Newton's constant 10 "N 1

Particle= pointin sp Fact

Newton : ge is 3D
,

Euclidean
,

immutable
,

homogeneous
, isotropic ("featureless properties"

Tim + equal in all terms ofequation ("Scorekeeper"

Choose +=0 : tim is+eR

Choos origin & fixed point : position is displacent of fromOl - new make sense

Cheom
:

basis right-handed orthineal

= Sijctenson?
einsin summation conventie xi = yi

eixeE = Eine y = Ax yi = A
,
x xi = y

1

↳meaningless? Thi
implicit summation y = Ax + yi = Ajxi index imbalance! 3 = Y3

↑
= Er = Fret switch which

yousure
over First

m =Gum
↳adim, Noticea

3N ODEs ralt

7. solution given GN initial conditions Stalo)) = Far

Sta(0)) = Var
Evalida space : Iti pythagoras

Immutable: Laws of Natur don't change with time

·

I
Seti

Newton's
Constant was time dependent!

-un ches tot to be to so += + -T
, everything still works!

some motion bearsl) = Fact++



Conservation of energy !genogy
is contendea

&

Conside(48)) :-Em of time invariance!

· Ja= dmadMr
violates homogeneity

d

m =Gm

"Homogeneous
,

like homogenized milk
,

means its the sam everube"
= laws of natur same everywhere

Active : move experiment , new initial conditions

~10) -Foconstant Fac-fat "deep shit
,

butare a

Ta(0) = Var

Passive choice of origin O immated

these O'displa by8

same motion described by "ra=a
+ =

LIts ofequ above
, antisymmetric so no granitational momentum

- S&(amtadmaaoeveatons aa

in Meadowin physics -> problem

"Spooky action at a distance"

Esotropic -> laws ofnature same in all directions

rotake experimt e same results!

Rotations :R live action on vecture

(Ru)" = Rijus
Presses lengths & angle

(Ru)" (Ru) = VRTRa = vn Rotations : dbR = 1 so (3)

R
&

R = J Re 013/

(RU)i(Ru); =u = vaSil P-7600 othogon but not rotationo

&

= (R", u") (R, uk
= R"j R

,
vuk RRik = Sjk-

defR= CAR = /



Active rotation : ralo) = R
; ralop

(o) = Ri va
=> raH =Rit

Passin:i' = Be;

Consequence : conservation of angular momentum

=Em

m =Gum
rat ↓

retur

change of basis : transform both sides by same R

I = B 1 . B =0

~
Stays zer if

you
rotate!

GiteanRelativity

↑a() +ra() = Fa(t) - 8(t)

= Frac) - :(4)

= H =H) -Xo
do esnot change

sam /Sam

m =Gum
↑sam

Action : expaint can more at constant .↑ i.e. in relativistic physics
,

it means nothing to be at rest

Passin : can measur from O'moving at

constant in crelatio to O
10 variables !

It 8.+

Consequen ? Homework
,

5
guess...



Malt-m
diveges when particles get very close!&it t.

it
i

If you change Ma
,

lear My
,
[a] unchwad

↳will ham sam accolection

g(i) :

anyobeacces
aona

Crulative/

Divergences - replac particles with smorth distributions of muss

Mahal -pl = Emas"(fal
New

Ma + O

Newtonian gravity invariant underdileangris

d R
, u):-
10-dimensional group

element

-60,

8
,

5
,
% : tr

Introducer a peobe McMa For at 1, it will acclude at

min
*

Principle of Equivalence : if you move atH.2) with

acdeation "ght, r), you are weightless



Mar :Gm

Continuumlimiteatoral smouth function of space/time

↓ dpr) =Emadras
V (a)fa(t)ev)

Pl =EmaS"Cal
2
= 8. mar()5- Fact)

#Hir : Em"ir al
M

-
x

mass current momentum density
continuity

-
local mass = mass current

conservation

sti
=(

. d masslola

(locally
Es # = Emiratis falt conserved?

(d)d

math-Fri) = - Eau(5))

↳marai
annoying! [= Emari(fa

divergence [_Emar.Fac
-

Momentum
& Fas(F() conservedd. Einstein : "Spooky"

&marFa
but not locally

conserved

=

Littlet



↑ifit Emarig fi/
↑

Maxwell tensor = Gf(x(y), y()
,

z(x))
-

Under rotation e-Re r = Riri

+H, ) = Rikie +
*

H
,

Rr

Given eCt,

5) determines

(t, r) =12.
↑ on m is F = mi = -mop

=-

(t,r)= &(t,/

# (+, r) =
- ((ay- p(t,)

Fol

5.I =-) = msg

-20(t
,

8) = MiGp =Y. g(t,)

ensure

Vectors: has magnituda physical

rotak : E : vie
,

using
"

=R = Re
;

Fr;
r= Fe!

IR") in

=:
- Ri

:Bir phs ta



a quatite
↓

Tis RR The Crank) Itensor representations of the retati
group

Timing Ri- Rig Tran notensor

We already know some tensors !

Sij is a 2-tensor Gi -RRS gis

lik = RRmRi gamm : Lik

2) Doing with tasers

· S
.
T rab n Ca .

Stbt) in
a sivinTi---in

& rac (oili-ini-in , gimimjiim rack mis

Example : wi vi

(wer)" wivi

cuer)i Sij = m . r

↑ is a Sii = (i+) =This ,
sai

symmetrized

& Ai : &Hi) =This] = -Asi

~ playing with representations of rotatin group

cheek hu: 8 conserved quantities in Newtonian gravitation

Newtonion Gravity + Galilea Relativity : Nice! ... but wrong is

Maxwell's electrodynamics is NOT invariant

.: Aye-
Ranati



Lorentz transformations : Position - time (t,

of some event measured by twoinertialobservers

O O'With relative velocity [ = vx = vx
I

Bysit, rotations align axes
,

chera += + =0

+ + ux
+ =

T! 1 + uz

X = X
'

+ V +

r1 +V

Y =

Y Y
Y

I

I

Z-
Z

Z = z

speed of light
↓ (Choos units

u ->timpans become relatively that large

-> recover Galileo at slow velocities (relation to speed oflight

Two inertial frames : ShinhardConfiguration (SC

+ =
+ + vx

t T1 + uzi X = X
'

+ V +

r1 +V

1. Simultaneity is relatio
.

* *+

Space: not a physical Cinvariant) concept

Solution: spacetimespec free livetial) motion is

linem world lie

important! this mess this
e stuff

preserves straight line

2. Since Lorentz Transformations (LT) are linea transformty (in X
,T.

7
,
4),

O
Spartic isspar (pick an origin,

become U
.

S.

Event: position oftime

3. Choose inertial frame

Coordinates : (t,) some people write X : ct (butwe are norla
↑

X : xm = (x
,

xi)= (t
,
) u = 0

,

1
, 2

,
3

Greek : M,
V

,
X, go 0

,

1
,
2

,
3

Latin : i
, j

,
K

,

1
,

m go 1
,
2

,
3



+ =
+ + vx
T1 + uz! X = x + V +

r1 +V

label multiple equate
4. LT

xim =1x
↑

sum overafens

1 -/↑80
U = /1-v)i

5. This is SC.

Any two inertial from related byfire (shift-linear

Bring toSc by shifts + rotation

liear structur is preserved. M
-

6. By shift
,

i get + is

+= F = T

( - i+/

7. More structure : Check

xi + = 5 = x2 E

+y+ z + y+z

!!25 = F2- F

Presered by LT 0 =0
↳ Line preauty

i↑

(cf : (RP- ReOb

r= vivs Sir

With shifts : Poincare preserves

-Hit= 05 Altri

invariant interval Az : Ha,

Note: sis just notation - it need not be anything synced ... or even positive !



8.Invarians -> physical .

What is it?

Consider A
,

= (, ) Wow
,

let test,

An Car

if Os"-- Gutt <O
,

two events are separated by an limite internal

, !
of cor1 i.e

. events separted more by time than span

*
/

4t= U(u) (0t- -/ Ik/

tit , ↳ UN) (0+ - Fyor > 0

order is invariat : "all obsame agree which event happend first
"

* Apobe from A
,

towad ina (1

arrives& An

* Probe-clock time of measures is : ·
- +2kr=os = (0+- 1FR saDanana

life both pictures equally valid

&per time :== time on inertial clock
because of relativity

present at both ever's

-Pescalproperty

* In an
initial from

-+ - fr = - 05= 0- 2

=> 8+ >65

in
any other from

Prop time is shortest time measures by initial obsure.

* Noninertial clock ? C=(4) in metidfam.

N
8 T

c =5

&
-

+2

-

Edit



9
.

Ifoso
lorkot

* Choosi Forot |k

ot = UN)(+ - 8 .08c

order of events is reversed ! (if you're moving fast enough in right direction
↳ order is observer dependent

Causal they : information moves @ IVs/

* Choos v. or,of oto

(or)= 05

m peyer
distance (simultane evert

10. &S= 0 (bounday) Of= 10 light-like separated.

Not simultans or colocated unless moving at speed of light (limit case

11 . Juvariat interval endows spacetime with causal structure.

Given O
, spacetime breaks up :

light come Linkowskispace

this t linen structur

are the two things sporting
how that tell us what physics is·

causal theory"you can't

import any
events further away

05
=
08 o from you than the distan light

oxtoxitar 7 : /"/ would travel in the time it take

light!

"Just invariant
,= dso it means nothing !



↑Lorente
group

Galilean S Poincare

M = 0, ...,
3 xm= (x0

,
xi) = (,/

i = 1, ...,
3

· Translations XM- + XM = XM - at
M

· Rotations xme xM =A -xv

1 :/ i ↑
· Boosts xMexM -1 x- Lorentz

o 0

-Fr

Lorentz transformations presume

x=r=x Tur-ltif

Lorentz prese XMyVYur =XY

(2= **2xyi
presores&

so too must ba

(1x) . (1y) = x -

y = xmyyaw
= (12/9(1y)4p0 = xmyyu

= Linxfy/you I
= In 1024 x 4 : Yurxi

In1~Yo*Yur
1y1 =

y RT # . R = 1



100(
,
3)

,

Re0(3) = 010,
3)

[
p-

Lorentz + 0 (1
,
3)

· 1y1 +

y => def(y)def(y) = det(y) = 1 L50(1 ,
3)

-
* det(1) = det (1) 1 FREL

&. want = 1 b/c need subgroup

· -

Y.. Hy1)= 1. You 12
--1% :1: +11

M =V = 0

=
- (1% - (1)") (10)

1101. 1. 1 time preserve

105-1 time-reversing
T==> disconnected

L = 50(1 , 3/4
"up"

Jentztensors Any addition physical pirputy not dependent
on

the observer should be a tensor

Vectors : uteur =1
all indic !

Y

Tensor TMMy pMrs 1.

wire- loum

Contraction used invariant tensor Si
,

"T hate myself even more than usual"

ur = rivisi = (nou/Si



yuyi

⑫fer
gM...

- Mr.z
-yarm,Mu

Murn-2

-

s = T y
= 1 . 1T

↑M-Mn
=1 ...

-

GM. . .Mno
=+M-Mr

Y
sid,nT,My
⑭ ...ManTeam
-

1ToYurYeo

-1 ...an
on

apo

In 013)
,

T two tensor

T(V, Va) = Tu
,
"Ve Sindir

In 011
, 3)

,

peruneMutee
However: XMXM = x02+ xixi = For

New ESC : Contractions use XMy
~

You

qu-=14

Ye = You You for
*

not a rator M- YU

y1 =y
+)"

u =yu
/1 = 14



Un is a orator

die(1)U
Have ayu uv

xoxi
Ut vertor x1= (+,/T

Un-Yark coverton Yu = ( +,/

You Yar :With yo
= City 1" fur-Yar

Notation:

(yye
+

440
= Sh

O

( = youyo
yut

111S1014
-

-

nsistant?

Tur1ye
= 141y = (15)

1y1 = y

y1 = (15)y - I

y1y" =M+



TM ,
. . .Mn (n

, m)-tensor
2

,
...m

TeTMM ...-1 ...M
Inie

om

C.

· Every summand is a (n
, m) . tensar

· Unpaired indias (n+w) agree
·Paired indias (no + down) are dummy

indices to sum over

·Judics lowed : =Yur 42 i
ne-yeatry

x(m =1-x
~
( x

=1x

xi =M
=

xM+ x =Nx

-
-

1

f(x) ↓

Juf- -

tuf.xe

y"-y yourYou

6m = 15.
.
5) 84 :yar6 = (6

,

51T



masummary

Tensors of 50(1 , 3)

An physical quantities : Th... Me -...
...

+/- melu "Some tensor wirt
.

the Dow Jones"

T is like oterproduct : n. U
.

Q ...Q Un

gr..M
= u ... h

Addeddual Ma : Zarriv

u.
u

*- (15)"u *

u
*Tue(f)u+] 1v

- u
*1"1v : u

*Tve
invariat

,
o-tensor

(11)" written as matrix

ESC Notation :
-

·He un ele=You a
(1)+(y1y)Tyky1 + y

· no
ur

+ yaz your4 400, gno

· Au = BM Au-Bu Kurt"-YurBr

· AuB : AMBu = AMBYur

The Tr" = Yu+ 4
2 To

*
numerically

,
not equal,

but describe some physical xm= (,+ Xm = Yur* = (t,/
thing

Use the math for physics
what does SR do to Newton?

* What replaces F: ma * What das it all mean for gravity ?

* What about conservation laws? Cry Maxwell first
Symmetry?



Particles : (t) lik It worldline

Can find perytim < along would line

-= - 05 = 07- 0

de

- d

-Satu
invariant

can invent + (t)

deswi xms-Her,l
umdevelocity

·( = (V , v)- U/1,

U V = (t-v2)
-"

↑

physica invariant

d but May change numerically

dependent on observer

An observer related by X'M = 12 x
measures a'm=1r

Nmpan
se

*
U is not arbitry
· vo no d

-> timelike
,

formad-pointing

·

nuin-funk-1U brane a

↓vertic worldling have i constant a constant

=> N : a free particle has a constant ut()E

am damdU, U

X
tensor!

N1 : free particle has am-o in any from

Justmasrest from um= (1 , 8) am 10,
u - a = 0



Light: a wan : plan war

Pew) = Sin[Figu K = wi

.%- cut invariant => K = (0,) &- Vector

= k -x = k' . x

So c = 10 Frequency in a frame

An observer moving of measur wo : K
:

k' = 14/
let n = (0

,
05/ 1n24'"= (1

,
89

in observers rest frame u'M= (1 ,
/T

w = " =-ku"-Ulw-

* 1 . 0 transver w-UIV w=Montybanmoreto
e

* B: 151 . /) - or longitudinal

·www
Interactions? Force law (H),H

Collision : instantamou
,

ultralonal intractions

Initia stat : mi in
a : l

, ...,
N to-"= 0

find stat : my it b, ...,
N + = 0 + a + = 0

Newton ↓

S=
Em Em

Not a tensor! Natural candidate : UM = 0 (1,

p = em = muMX-pomentum

pi =EPE

for Lukas UVI-Clie Harne Our

P
= m(U

,
U) = Im+Emmi) + Olue)



if Naka On m u know

(Vy(/Ub

Em" = Empf olv

Em = Em dur

* [mirimu ol

p = mu = m(t
,
U

E = po = my energy

p : Umu momentum

pr = min =
- mr

= pr - zi

E2= 2 + mi

E2 jc + muc

meo E-P1 pr : [Int
, E

p" -o massless

pu conserved quantity
Massive:

pm . mus amU/1,
= mid/u)

E = mUlu)

E= m2+ -z
mussless:

E : /o

Aageof changed particles

N particles me ga

Continuous limit Mateo New

smouth distribution 9a to

densityPete
r 9 al-Fa



= - 5. 5

+E = 0 continuity
,

follows fre

Maxwell's equations
should be observer indent
can we write this as orthrew or scala?

25. top + 6
; 5j = 0

-XHuj(x) = 19
.,
5s lump this together to

-

make 1 and 5 mix

JJ under boosts

i Hir) :Eq H)

j= -FalPlin) j(m = 14 ju volume not
z

& horentz-invariant

jEq= =

r
limiShaat-Stir (dxf(x) = 1 S(x-y) f(x)

= S(x- y)f(y)
- It' EqEFall

-d. Xalty diviltmeterizations
= Ede9.

d%(X-X(t)m -
this is avetoa

Q( =)dirj(,) d(dGj =
- Jar2; ji = 0

↑
we made continuity covariant!

divergentheorem
& conserved > JujM = 0

ph conserved -> 6 TMV= 0

~
Th() =Sp



(M = EPS F density of pat

* Tensor we did similar above !

↳ conserved?

yuz = (d+ 'S(t-+ &PM+ (2)(-att)

= &(d+ (((x))-Xp/
Il covariant...

muln
r

and symmetric!

↑mr- + we
- energy-momentum-stress tensor

Tro - yor-density of per

Too = density of po-density of energy!
Il

&

poi =tio density of pi-i current of energy

Tij =↑ii : flux of ps = j flux of pi
intidiation

com ration it,) =Gi
=

ph

↳2d

--EPMFa
-- 2.p)Ed Fat

-

-

↳TurGoty intent !
in volum

trector

An- looks like for in

rest Prem

= m do man &



↓
restyami um (1

,
5) am 10,/ AM: 10

,
mat

Comed for : D free do
② collisions that conserpr

-

&Tmrd
Changed : &M =mi lorentz

feldstrength tenson
Porce

FM = 10
,
/

restfram : uV = (1 ,
8

f = q(0,
) = (0

,
7m

↳Thr Eq frd
↑ doesn't look like tenso- but

can use to make of look
like om

- Am(Eqdg
= fmjjx)

thSoyntirto monum
densit of En nis

&or
day: gravity

Relativistic field theory of E&M
Gravity ?

EM couples to je for consend Scala charge 0 : (3r;
curat

Can gravity couple to mass? Not conserved
↓

/
not conserved!

energy pomU= m +mi.....



Couple toTor for conseed po:2 not invain to

Comple to TM2 for conserved per

relativity: inertial frame

Universality of gravity : problem
Also a solution :

In freefall-no gravity 5
.

R works

# 7g(x1mfatsala

:
v= 9 <

X = +(1 +4) = x
,

/1+

gravitational redshift

Gravity is geometry Pata
can make inertial frame locally

x'(X) worse - invariants under this?

No global linear structure

whatdowehaveDiffergomebo smota

Lorentzian 4 - Manifold

A manifold is like IR"locally ... like enoughto do calculus
not like enough for global linear structure



A smouth manfold is a set I together
withon atts or cover 302

, Palac
mi

* M Va

* =M

* 42 : On t ImYa-VacIR" oper
↓

[VycV= Jaco/Bea : [zeVals3cVa]]
ZYa : Van On we will entify the

YalBy,a) < On de it
open

peOcM a point

Speak of "point" Yalp)eVacR"
-

/red interchangeably

Dank this X& (p

A function F:MTIR produces f

fa : foM" : VaR
il

Fa(Xa) &Il

fl4"(al)
F is called smooth if Fy Smooth Vx

* On overlaps @ 1 Op + p ·
Fas : Yot Fapk) = Xa (Tele



* Demand far Smooth

fan-tip Xa
F :M+R smooth if fa smoutha

f(xa) = f(t(a) if petan O
f(x) = f(4g"(x))

Fag : Yo Ys" smooth

Fr(X) + Falfar(p))

Examples
1 IR"O :M-R" Y: id

2) Consider SV = Gre3/2: 13 unit sphere

Part of Se look like IR2maps
open

Otany) N wtraditionally : XSiOO At
z = CsO

(x
, y ,

z)Ee(2,! = (x
,

y+/a
10

,
0%+10,

18/
TX

0 : Not ↑+HeX

V = Rh

analrously defin: 0. = 52oute
V

.

=R

Y, (NP) = 10,
09

F:)
F

- +
= f



Sentime: differtiobses geneet diffect crits

Do not shar like structure
.

Show smooth maps

Temporants
,
I a stain which particles more - ignore sportin for new

target

e
a

took advantage of inclusion S"CIR

velocity is a way to take decirdies

F :Mel
,

more through p velocity datans If

A target rator Up to M at pet
take fil -IR to Up(f)ER

* Limer : Uplaf + bg) = alp(f) + bVp(g)be a
* Leibnitz : Up (tg) = F(p) Vp(9) + Up (f) · g(p

show
: fip) = 3 Up => Uplf) : 0 VUp

Set offerent vators TpM is a limespan

(aVp + bWp)(f)= aVp(f) + bWp(f) statistions

If M isn dimensional
, dimtoM = n



Proof : use coordinates peO
VF: MedR

fa : VatiR falxa =flY"(a))

Defin X Tom : Piece
· Show XTpM X : -IR
· X(x*) - Sur

interest
· Span:

ama: h : Va-R

h(x)
-hox Ho
-

fa(x) = fa(x(p()+ (xm - x(p)) . Hu(x)

Hu= :Xu
↓

Volf) =E Vp(xy . Ha(x(p))

Up =Up) ·X
-

Tp2 TpM dual vator

cotangent vector

w(u) : m + IR

f:me - af(y(p) = Volf
Choose F = Xadx~

(6) : Su

w : Wadebris/ vira
components



dxmedi umna

~ BG
dxm(62) -S

defin an (1
,
m)-tensor field T at p is an elemt

Tpe(Tom/x/Tanjem
To TMNevde

* Space of tensus is a rector space
* can Dorm tensor products
* Can Cantil symmetrize
*Can contract

+M,MzMl ... Un
(0-1

,
my-tensur

We u0
,
0

S4 -5 . 1 . 5"= #
↑

Jacobian

T = 0 X
want to find some

invariant equation
coordinate

independent

Calculus? U(f) directional derivative ?

TpM rector spart at p up-up

Tpith Vector spanWant
Indeed :

v =M
so : G(v/dxM is this (1

,
1 tenson

&IV



-

·
coordinate basis

Sup - a basis for To M

-

MFen f : smooth
1 - /

f diffeomorphism

preserves differentia structur

cube & sphe differmorphic

-topology
,

notgeonett

In Minkowski space we had linear structure.

To a worldline :

C : IR + M

x + p(t)
↓r xM(X) in some coordinatesi
-
-d

The equiere principle (SEP) => We can choos & to be locally instill coordinates

of p() associated to freely falling observer co p(x)
Ther

do?4 dxd invariant intere



A different local inetical observer at p(+)

x =1
- x 1MpoYur = 400

Yu
other coordinates not so simply related to x

Internal invent becaus physical
if asO timelike

d== is pretime

A physical property of p(X) worldline

Proper time measured by a clock-physical property
of p(X)

-
nonlinear

In gened coordinates x'(x)

chaia
de
-
·/

my
10, 2)-tensor. The mytensor

Newton(x)acceladon Physical

guz(X) breaks coordinate invariance

pretty of universengravitational fields

question :How does
of encode gravity ?



Telktric
Jrb

1
.

What kind ofmatrix is guex Sur # =Y
g = 55

JzY Jrb

detJO nonsingula

def5-o Oriented

Jono time
presting

*Surger symmtre (02)-tensur

det g / = det (5) · Get(y) = G(5) · (1) co non singula
time direction

*
I has signatur (1

,
3
↑

eneg
Pus.

eignsa

*LorentzianMetric

Riemannian metric : Signature (0,4

R
gu

: (60
ds" = di+ dy" evelidean plane

Recall Sportio is a smooth
,

orientable
,

time orientedh-manifold

last tim : equipped with a Lorentian metric

· Equivalence principle (E
. P) @XCMM - choice of wordst

FUR-2 with U10) :Y
<- care

in sportion starting at x

Worldline of obauer theI
.

ded

small region of spective : special relativity applies



Let Xu be counts of such an obsever (Loca Inertial Observer 150) X

If XM(X) trajectory of a clock

d timeline

Then do=xwd)
' rate clock is ticking vally

Then in x'(x)je-eegnea
j%0

abit
U() x M(x(x)) x(x) = x(x(x)

de &chain rule

i
· Metric Guy(X) is a 10,

2)-tensor.

· encodes gravitational field

gir(X) =yr for som xm(x

j J Jacobian

g - 5y5T
in grante, det (g) = (5 dety -(1detJ so

this buons

Pythagoresg has signalun 11 ,3 Lorentzian

2)Can ver g to map (1,m/tensors to (l-1
, mail-tenger

.... MeM

W. ... In Gar
TM-

T, ...Thi

9azV : In Gen Um per Simmut

9po = gMwgyp9uo
(guy) = (gyuz

Examples (0
,
/ Riemannian

"Describe share via distance"

* d= ddy-Gur(XIdxmdev g =109



de Mx my d+

= (x "yz) dx
othwise,

could how def = 0

wo
Lindstera do

: dirid gar = (d
Yx

=I
dl-mxdy = Xdy

y = y + 2π

-> vertical lins are circles

- circumfer TX

-> plane ! This is just polar coordinates

* ds
= dafridy

D = p
+2

-> all directions in plan an same
↑

· F(r) = 1 es cylinder I
· fin = are com

rate ofowning Crelated to angled

dsdixaro
Or 0 +2x

Invariat tensors : S
~

-
= gup gen

5didinvariant

Sa
*

x f() not invariat

upprinting
--

d + d5d g = 19uz)

g-5gj
datgeldetJ Letg



Sur() =Yo
Claim V

Que 7 x'(x) S.
t

. Gue Yur
x'(x) S.

t . g'(x'(x = 0) =Yu
x(0) = 0 g(0) : Yuz

xM(=
↑ ↑

9'ur(.. Yur
/

16 params 10 of the (mixed partials

To "Eat/"Socansetequ and And x

I'm(x) =YurGgwi
↑ ↑

10 functions -> 40 first dolatry

Riemannine Normal Coordinates

Dor us d

Locd Irential Coordinate

Conations

Ulf) smouth function if f:M + IR smooth

mUpeToM FpeM

Need : rate of change of a tensor

Jef. A connections on TM is

an action onrator fields sit.

o U U is a 11 , 1) - tensor recall : JuUt is not a 11
,

11-tensor

· p(u + u) = 1n+ ou linez

· +(f) = faux dOQU * Leibnitz Porrated version

of this

A way to relate TpMM to TpiCh



I must gene thing satisfying LineLeibniz

In coordinates :

um (04)" = Gun +Aut
↑not coefts ofa tensor

[tfu)] = Gulfu)And fut
=F. (ou) + (Guf)um

An() ceffs of a connection

In words X(X jM
(u), = Jy

+ jm(04/4 = 52 , 55(d
,
41+Au

ti
·x( + An e
+ uJ A
na 5 ,5)+Au

AuP,the

A
If we

find suchon A
.

O bears conation/covamit derivation

we

writeDeuteating notatinis

"Connections are like pringles. You can't have just one
"

If O is a connection
,

10'JUS Sany (1
,
2)tensor

is also a connection

8
,

0' both connections : Ou-o'c = Su for some



Only need to choose once :

d(war) = Tw :Daw
Cait

10 1 1 4
, 09

datar) =50Wv +
w

, (0u/nt
=>

sowv = data so

Stawwyat-Gu(w = (WxW,Yet =CoWxWuA
(ow/ux = Guw -Aw

Let S be (1m/ - tenser

TS (l
,

m +)fencur

(0s(4
- --Me · Just .

--Me

M,,...Um
-....

m

-AMOnie

l terms
- +AM go

-

m terms -Ahhe here
-T

Use O to perform pulld tranet a
tenre prepl

Let ViR- O be a curve

((0) = pul) = pl

Tpalled transported along O if

j = T= 0

unde (U) + Conationtsee



a retor PT

um(U)d) cat

HuAu

for any connection O
,

can defin

T(w
,

n
,
v) = w((y - u - (w - u - [u

, v])
Tr = Sur-Au
~

Torsion antism
tensor of 0.

iconnection one

Have symme 10
.
2) tensor SueSignatu (1

,
3

Producer D :

· Torsion Free An-A
·

Tg = 0 10
,
3)-tenson replaceA

S

() (09)
aux

=0 = Gug - Naeve
(2) (g)

S

↳ joGetea
&

- 9ex
+09-urt (29px/geo
=

Levi-Civita connection

M - Christoffel symbols



Spartin :

· - manifold
,

oriented
,

time-oriented

· Lorentzian metric Guz
· Levi-Civita (metric) connection

(Due-Gu unNu
-

Christoffel symbols

= g21/6n9xx + 6
, 9 - G9mx) =N

This is a connection :

· (Duf is a 11 , 1)-tensor - right jacobians,
no derivatives ofjacobians

· (Dgur - Gug-Nu 9xTGu
↑ dissapers M normal partial equal to cormist derivation

(1) G(mv = G(umgaD(um gue functions In : Du

= (D)Ve + u(D,) + amoun

Dur = DVu
·

remantY normal courts
· At an xeM J L

.
5

. C (physics version

·urY

Pretransatexact
T"... is parallel transported along Wif

XM/T)"
...

= O

Hatto
↑ constant along curve

fact= ( - 8) f(x(+))

IT T target rator:

X(DU"-dx
-guYx) + Mu(x(+)) x (f)

+
(x(y))



"Is the velocity stid along the curve itself
"

Saidcrea is a music of
uM(H) : = X mis PT

. along J
&

Turm

uru)=
=M+x

= (DM)(x(y) uM(X)M(x(t)) = um(4)

In L5C @ X
,

ur : Yuz

- r
I

constant velocity - initial

trajectory offreely falling objects

massive

Fartial : Freelyfalling (f) pooks wordlis on timelike geodesics

Note: 9ur(x()uM(x)u2(x))

--Dp(9mm)Pur[D.MP]

x N(x(x)x(x)x(x) =0

&
x = ac + b

wowliear second orde ode

Initial urdities: XM/0

xM(0) X My gur(x(0) =1x30

7! Solutionher

fails:

Godeiscre singularities

Massless:M()Nk*

(4) =0

kn = yr ↓ office painter 13= 0

k=: R-momentum



Cnature
for any

ur(x)

DDaum = J(Daur-ToDourDou xo

Zuma-
D

,
2)-tensor
↳ [P

, DaJum =(N ina
commutator-

must be (1.
3)-tensor

GM=Ra :JS
-Riemann curvature tensor

Fo FEAGAito
Yandy

Spacetime has ds-gur (dxed
M

· A metric Get
invent intered

· A connection Nir-gtP (JugartErgupSpurf
· Geodesicminitial worldset

· Curvature [P
,
DoJVM= Rave

Ra = -GM
↳ is a tensor!

How many independent components does R
xo

have in d-dimensional
spac?

Naively : &2
but Ro = -R

*

vox

So ddi
d=16

Runxo-GupRuxo

In L.
5.C

.
&X

ur-Tur
↳Tur = 0 = Fur = o

Burto : Y (d,



Gunn-Gau

Runso-)b, beua +Kour-bevo
- GoleuxYoturtotugu

Symmetry : antisymetric in -

Russo = - Reuxo
anditis

(nu)(do)

Rudo = Rout

*
More symetry :

Punto Port Ruxor = O

= Puluxo] = O

Rursay : O

⑭
- d2(d2-if

wo = GM mo
- CpG, - Go to

~o  op +Do = o

Garantisporty

DapRuvidoO Bianchi identity

R
*

~no

= Reo-Row Rici tense

Ruo = gr
*

Rusto

graw Pur = R Ricitense



Bianchi : O = gro get (Dy Room De Roxaz Do Ryan
· DMRu + DVRszDpR = DoR = D

M

Rap

Ro measur of how much covariat derivatives commute

XPatet
transport

Raccesses path-depen of P
.

T

.

↑aletrusprresu differ

M

U : (0
,
1] -j

Up) = U(1) = P d() ) ·d ⑳Vo)eTpOM Plugin [C + Solve => V(I) = V(0) +RYo
ds = j

- EUA Rig R-ERcu
T

O
um() = 10)

-](x()de
racs 10)-No(x(o)) ut(0)(xP(s) - x1(0)) + 0(5)

N(x(s)) =M(x(0)) +b(x(0)(x((S) - XP(0)) + 0(5)

umHeum)tapa
(1) - x10))dds (dN
UA

R R wolddo
to

Rus = )
,

Read to

Cloud of inertial probes
um(X)

uDuuM(x) =0

O x(e)

x



yM(x) nearby worldline

un(e

ym(t) = x4(y) + ym(7

uy- 0

Ea propertin deagur(y())
um(y(+))

Fu defer Digu-umDewe
ex(e) Paraly=Gum M

-du

0 - Dis (a) = Un Day yu

] ya
um(y() -andum()+

um = (1 ,
/

yu= (0
,
/ um(y) - um(x) =d yudum(x(x))

Di, yedo Diymde
,
a

Dyn (, youNo
y(d+wa = y De

ai = Rooj ya
D2

ju
y= Duly Dene

=Duru)+(D) Dzua

(7DxuY)(Dyu)+ yu
+

DyDu ne
+ y Dat . Dzun + yu (DzD,+Dox 40

u DrDyaDu CutDuf-(Dru Dur

Dur In= Rea out you



Go:
In 1.5.

C : d o

Moreguardly : Lorentz invariat equation

In + Pr MinCoupling
↑

replace

· Tensor

· Reduces to S.R
.

in L
.
G.?

Maxwell :

continuity equation
①( = (djlti

auta for change · Lorentz-invariat↓

↓uTray = o => GujM = 0
·Conserved with surface boudy conditions

contactshomogeneutro
d = 0

Minimallycoub:

Dur - Maj
↓ Q() = (djo(tm)

· not transformation invaint

Plu Fraz = O

=>
DujM= ↓ not consumed

Gered courdutiment D() = (dMjoH,
=G(;)=Duj

·Conserved

· invariant

made

e

Tureatare
=>T
DuTc-F

gravity does Work

-
Note o: DuTMGpur Me four Mr a

u

I We(in +urp



↓ makes it a tensor

pac) =St Tuoct
,
r

· tensor

· not conserved

"No shit gravity does not conserve energy"

Treeparticle

Tper -(t))

,
messes stain

1 = (2454(xy = (a(8)z
minine coupling

Tensor yay
!

Is it conserved?

buturdgo
u

-(x-x(

[
A free partich concurs energy (covariably
itfollows a geodess
=> it is in freefall

Day Tur( =pu(x)u
+

(x

Du= O geoisies

putDuu-frjo char

- N

=> Duter fr<

Takanys:

① DuTM is equation of motion
· tenyour scala

② Qut(drjctf ·
conseed

·
vector

pact =Jae(t,
5)not conserves

·An observer w/ 4-velocity
"

mess

EM dansi per ju



55 Du jz) = o ?

DrinDar.

Drj =0 if DuEr + DrE = 0 killings equation

metric- connection

E
.
U

.
M

. DuTMrso

Local (tida effects Rut-GNM

Geddesic Deviation limit ,
weak static fields

Dye =
-Rate per Es 12 yu

L
.
5.2: an = -Roojys Too

Il

Neutonim: al = y
: G;( 6 : 0) = - Gib;yi ↳duped:

" = Midp =Gum Tur

Routin

⑫Tur
Einstein!

R = M+ +T

Tru = T

Brachi : DKur = EDuR = EdeR

Gur = Rur-9urR

DMGur-DRur-9c DVR = O

Guru = Tur Dutur-o
G = kT

= R - zR = - R

Ran = k (TMr- gurt) = k(p +ku (p))= p - 146p

If Two-purer-GoopCo
--

T = pu= -

·erunR: Satur
Einster's equation



Einstein's equation : Guz =Rur- *& R : SGTur
=> DuTur= o

1 10 Int order nonlinear PD
.
E.s for

guer given Tur
wordinate transformations!

↑ constraints : Du GM = 0 f
=> Seque for 10

gar > determin gue up to ↑ functions + X'(x

2) In vacuum Tur = o

independently,
9

ur Gur = R - zR = STGT[Run-SG(Tur-9met ]
Sporting with Rur : Einstein Manifolds

RichFat

Stillmonlinear !

3) Traceless part of R
*

exo

Weyl :

Curio = Rusto [BuxPro-GuuRut
+ Gro Rux-9rxRuo]

*Tn) (9ux9am- Guo9/R

dddd( 17,
3

d =1
= 10

C
uo

= O

4) Read it backwards (left-to-right
10 GP) algebrain equations for Tur

gur "Solves" Einstein's Equutus

most require "Windsid" Tur

Restrictions on Tur :

· Energy density positive.

Weal Energy Condition courdinate

Puntime, Turn30 interest

p30p + p30



· Null energy condition :

OkM wall The 20

p
+ pa,0

· Dominat engy condition: timelik or null

weak -f futur directed causal you

Thwyr future-directed you (4 equality
= stat of lightto

causal ↳ causal : guzYM
px/p ↳ future diated : yo

· Strong E
.
C.:

Utimaik un Ramatura (Tur Egurt/umura,o

Tw : (ppp) p
+ py spaalike hypnsofar

9+ 3p -0
Y

Layt-tog
5) H : specify suitable initial conditions on T

, g (+ bounday audition
-> 7 ! solution for some time

Singularity Theorems (1970-7 :

gener initial conditions evolve singularities

inne proper
time in futur and lor past

GR is incomplete!
Quarte Mechanical effects significat

empc3 ~1.
2x10" GCV

6) VTensor:Gue
= Roo-Rural

Rojo = G :G ho : did; &
k = 2n +

j2b =p- 1

-p = g= + 15

Gen-Gur 9 m
p =- p =P ~ 100 er



Rur-E9mR = SGTur

* Vacuum Solutions Tur :

Rus-o

Sur-Eur more?

* Use symmetrics <-> isometrics) Killing restore

* Perturbation/ linearization Pu3+ Dr Sa = 0

* Numerical jM-TD ex
,

bun for T,M

u = umu = umj

Starti vacuum outside
distributia

E &: (b

Stationary spartine : symmetry under time translations

= cours (tr) st
. dayur() dx dx

↓
we distinguish time by Y invariat under time translations
(G/ co (2

,
% 20 Vx

5 :G &W: ( %) Eu : You

DuZr + DuZu - Gugr-Nur Gat

* Ge9oi-Fr"gox
·Tutor-bor -Return-bI

ds = 9 (d+ 9,
/dxidxi

so

Gur

= -

GogureMet nota
= O

SitSpartime
= crowds (ii) in which

-
Space

& vacuum outside stridstatic distribution

da"-9a(r) di+ gi; (dxidx



Socialsymmetry
50(3) auts on M

xemeRem XcGT: (7]
Spanned by these

Ox : SRx)Resucr] orbit of x hy sols

Ox1 = 5 for most

di
On eacharbit dar(do sin dar ~
can line up such that gij(didx : eBird(dobsindpu

So metric of the form

da = -e3((f2yeB(dr+ rdz g - jendes
- everything is one variable - ODE's !

T - Egt(+ + Erg+/
teErtera

= 2

-(9+en-2a
-e . (ine24) = - d'e2kp

B =- e2(4.B)(a"+( - xb+x]
Pr = [x" + (4) - 28' -up]
Poo = <[r(p' -x -1 + 1

Rop-Roosing

e2(b- x)k
+

+ Rn = 0 = 2xb) =0

=x = (Bi + + et
* C=0

Roo = e2(2rx'+ - 1 =0

(re) : e2(1 + 2na) = 1

=> re
=r-R

constant ofintegration

d5= - (1 - P/HdE + (1 - R/)"dr +r(d + sin'odp] Surchild



# e2x >0() R

* m

ds = Et+ di+dr Ru + 0

neak static gravity

r - x

ds"= Marthar) dander

hoo = Br

hury-1-Ep-
R

Companto Newton :

R
,

= ZGM/
↑

Swartzchld rading

=

Nontrivial solution to Einstein

Best known : Swarzchild

di = - (- R(r(d+ + (1 - P(r) do + Md

-nec ds-Yarded Minkowski R = Zomaskm

* Rur =o Tur = o & R

*
r ? Zur circumfron (de = do+ sid ,2

Tire area

ris NOT distance
↑ 2

-
What is t ?

* +0 static such Observe r
,

0
, 0 constant

- I,

XM(X)=T



G
u

I

de = (1-Pr)"dt gravitational redshift

Birkhoff's thm:

any speciallysymmetric Vacuum Sparte is Schwarzschild

= Susideoutside of splend shall
, possibly moving - Vaidya spactio

Geodesics:

ds= -( - Baldt + (l-Pr)" derde
↑ killing Vectors de = 202+ sirPdp

Symmetry : time translation

/
· 2= E,-

· 3 = p %(
· To
· Er

(E"
,
35] = siz

prmdud
Conserved quality Traffic

k
+

= guc(x(x)pM(+ )[(x(x))

↓
= (1

-B
=- (l-Mr)p =

- E
↑ event messe

everg

kp = Super sinOp L = rsintod
A
angular Momentum (per unit mass

d
(+/ dr

wr] --] =

1sinc



i

u
= (1 -"-] = 0

= (1-B)d

O(d) =Y = 0 = 0(0) =TVt
orbits are planar!

1) Mino

Lanse

E = (1-R)
L=p

planar

Choose/ proper (timliky/affine (null

gur(X()
What is this? E = 46 Malea

· E= -1- (1-M)"( red sin
·

E
= h) - Pr)"(E2+ jz) + 43

e
2

Erni
m + V) = &E =E

recollR
->

V(r) = &(1 - R(f)(E+y
(6: 1) =-
-

ellipsy procession



⑳
v=-rM
↳M

0x =m
↳redu:I t↑

closest stabk orbit

=3- 3R

minin unstable urbit

r= 3r = GM 6% of masswas to

↓ eneg. This vs ale
-= E= V)=E 20.9

V'= 0 = Mr= L(r3M)

wed!

w =U"-
↳M ur up

procession

w
=Mr. - result ofa fomealia



Sunshit

dezxd

Tar = (
"

per
par pu usedo

~
G
,

= Fe2(-p)(zrp'- (e29) = S+ezpr

Gru=(zra(x1 - e
-2) = 8+ep ~

Goo = rep(a" +(-ap + Y(x+B()) = 84m
-

per

Gyp = sinOGoo =S Top : SisinO Top

Equation of state: 1 (p

e
Bu

=(2)
missi dripsSoldengineers

At r = T
.

peo m(r) =M
peo

d'em

Check (nunrelativistic, static
,

weak field

repormincr

I'mm

9002 (1 +2x)x = ①

=Dut =epp
= O

pir = -(p+p)meTomm
nonclitivists Volkoff

p' =-pd-man

pa

D'Cri = Emp(1Pp)(
equationofstulvelsas

Assume &Cr =o) Esplu-of
- p(920



Ex: plu = 20
v

r re

purpl
murr: [ nar

mc
M ↑7To

Pr(o)-
im

ProloPot
↓
aro= -2M

Chandrasekhar Degenerate e gas

My M,
= 1

.+Mo

TOV Degenera n gas

M = Mrs = 3- SMo

Schonburg-Chandrasekher :

Esottoral core Mcoe 0
.
37 M

Near ~R ?

Rus = o

r > R ?

Check : Radial infalling matter (0:h 00Po

E= ( -

R,+
+

at

- 1 = - (1 -k()f+ (1 -By= r
j2 = E31+ Br

=/

Choose E= 1

Ev(+ Pr

de =- R
1

R

=d



ot---Rlogt
- N

purtaR W S
r =0 durster singulity

red i No
" /l

da=
dr+ rdp

problems
:

I 9 :neim,metalee
2) gpp =rie bad choice of coordinates

⑮
+ - +=

+ 40 dsEdd
xER +-0

9++
+ 0

#IIIin+ ex

+ = - 10

dt =
d+-2

Null radial
-

Geodesics

(1 - /(f= (1 - By) 2

dt = = (1 - Br)dr+= C+ (r)

(
= - + Roy(Yn - 19

=(
Regge-Whorter-Tortoise

Constant along :

outgoing U =+-(r)

incoming v = + + Elt)



t = Hu+ up

[(v - u) = B

en(u) =(ye

du = d+ + (1- Pa)"dr FR:
du = dt-(-Br)"dr j gets rid of singularity
ds" = -(l-M)d11- Bold orde-

= -(l-Edudu+(v) dr =-edu+)d

Ur "big infinity in so we can i

t

ds = - (1 - Pr(df+ (1 - B)dr + mode
x

Infalling null geodesics
I-#(1 -By = (1 - Br)"

I

--dt = = (1 - Pr)"dr /M

+ = =r = Rlog(r - R) + C

&X
/-- &-

well coordinate -
replantE = + + r + Rlug C-R) constant on incoming hull geodesics

du = dt + dr(1+ Eddington-Finkelstein
ds = -(1 - Baldu zaudr +de

de
rR

od(1-B"d = -T

-



new word: u = +-r-Blog/r-R/ outgang
~

+ = z(u+ u)

Eli Regge - Wher

↳E=-) ef/r = (- 1)e

ds2
= - (1- By) dudu + F(u,

u)di

nor re. (Veol
nex (4-09

Kruskal
U = e- Yro-

V = eYr0

UV = (1-/e* T3x-

Rlog(u) = = Blog
↓ nonsingular at

r= R !
ds= Add e

One last time!

T= z(V + 4) xevery who firelike lifConde
,
aebok

X= (V-4)eeyula state

↳a
Nun- trauersable
ETY

(time-reversed black hole

wnm



moh
wheni

-
Yummy metric :

ds = -(1 - zmp/dt - AMarsinudtdp
- drpd0(razmasin/2]sinOdo

Neutral spinning black hole

angula J= aM
murati
pr= r+a cos

D = r + ah- zMr

= Greato : 2Mr3
r

Suffer w. w=
(not sum) 11

gy
" 0

Wi =-
2) Causal prougation (aso wir, or

has j



Couter Horizon Sy = r ==M+ta

1) do timelike (null on Sy

24 +2
, 6=

2
,

= w(r
,
0=

2

Mans
un

+

= Casino
&

It asinO/p

-F+a

Sy : Killing Horizon

F: gar *NX =0 Tp)TpM
umfufo

Perpose : Throw in a probe with ECO.

E= -Surpr conserved

po-mu-o Utimelike trajectories

In ergoregion I, sponlik
① start with %1.70 @ raM

,
a

② carefully blow it up
E,+teEr

can arrange [20 = E
,
LE.

① ejected back to rM

② crossed r = r
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