
Immutativealgebra lecture 'I

Examples of commutatio rings

they:tim(5) T :ei que

Is this ring a UFD?

horf
Invariant Picant Group PIRI

AGeo : Coordinate ring of a variety
k[x ,y] 2(x ,

y]
< y= x -xt)S

R :=
k(x , 43/yx+x)S

how are points of this curre related to R

Points #) homiR& K

E) ideal F R

Summarianttheory

icosaheSIR
Symmetry : 120

5 &3
,

so on IRE,Y,
z]

Savariats? = polynomials fixed by symmetrics

xx y+ z2

form invariat ring - what is the struck ?

IRb] is thingtel gemd-
sometimes... Hilberts the

Course: mainly follows Eisendud
,

readings + exercises may be in description

Atigah + Macdonald
Zariski vol #

meadvanadi
Zariski vol /

serve local algebra
must read

Nagata local rings "examples of bad noetherian rings"
↳ lots of counter examples



Commutative Algebra > Matsamura

Commutatio Algebra - Bowbaki

Elements of Algebrat Geometry -> Gothenbeck

Modula Syste -> Macaulay

Stacks Project -> online

LectureI Rings, Jodeds
,

& Modules

Def: Ring R : set, +, x

abeliar group under +

(b) c albat

(a+b)c = ac +bc

a(bx 2) = abxae

commutation : ab-ba

idently : |a = a = al

-

Examples of noncommutative rings :

Matrix Rings MuCR

Quaternions a+ bi +j+d

Group Rings : G group Z[G] basis g ,

CG

X ! ghgrap po

Rings ofdifferential opens :
Ea: x: aeR

X
differentiate

ab-ba simplerthe ab

would be zeo if commutation

k[X
. T] commutate basis <

,7

non-committe poly-rings

k(x, 43,
xY + YX

basis wats in X
, Y

lie
,

Clifford algebras



Do rings have an identify? for us
, yes !

rugs useful in analysis

Ex : F: G-R
Gabelich

f x 917Eaf(a)g(b - a)

G- IR ?

F
, g continuous - Fag() =/Fagl

convergy if F
, y continuu + compact support

G
no identity

X- locally compact topological space
Co(X) vanish of a

↳ no idatty unless X is compact

Rings without 1) locally compat spars
Rings with 1 = compact

↓ ↓

I point compactification
R - RoR

C(Xuw) = IRQC(X)

X= ColX
Xud = - (o, 1)x

continuous functions on Co
, 17

XuX-- o
aa-o

IRQ((xuX)
= 120(((x) *Co(x)) = (R +(- (x))

O

# IRO(Co() x (o((X(o()) -

Recall : hom of rigs f: R + S

f(a+b) = F(a) + f - (b)

best fo!

Ideals : R commutative xiduty from how on

kend of ring hom Fires

5 : a
,
be5 aybeS

are Vatt
, VER



Example: CQ

subring
,

not ideal!

Ideas are example ofmgs !

[Ink =/n

iR(x]/(x( 1) =

k(.73/(2-1xx) = Sb of all fir vanishing ono
dules: mode over a ring is like a rectorspor overa field

M module over R

RxM- Minim

Cre)m = /emp
(4+ +)m = r

,
m + =m

r(m
,
+ m) = rm

, +rmz

Im = M

modules are much more fexible than ideals.

Ecapes: -modules : abelian groups
k-module : rector

space

k[x]-module : linear transformation

Submedch of R : 5 deat- modular system t why models are called modules

mod over itself

X R/g : Quotient ring
,

still module ove- R

module gemult Il

be single element M. 5= Ann(M)
= GreRIrm =o Um]

nE I
,
/I more interesting

MGN Nim module

545 5/s not ideal

morecompliadamutativity
Groups Ris

Act on set Act on models M

G/N NOG R/5 Side



G z[G]

G & S M
,

basis of S as
X-module

Levere3 : What is a syzygy

Aim: Hilberts theorem

htis an invariat?

Example 1 : rotations of 13 ~> O/IR)
preserveLength i.e . poly x** invariant of Oz(IR) RE

"poly on IR" "anked on as restor space

How does Gact on polynomials
fixeY X

,
Y add on by G

g(f) =? (gf)(x) = gf/g What? Why?

(9f(9x) = g(f(x))
4

AxB (gf(99(x) = gf(gx)
g(axb) = g(a)xg(b) + g
g f(x) = f(gx) ?

don't! X
↑

9.nfs
Examples: Shalk) acting on i

(5) (*)* transitively on nonzer(

Sta
.

det = X
, Y =
-XzY

, "determinat
↓ on k

*
0 .-@k" is invarst

invariat of Shalk



Examp3 : G = In symmetric group

acts on4"

polys : D(x, ,
. .. ,xn]

invariat polynomialse poly's that saythe save up
to renumbering

e
,

= X ,+ Xz +. -
. +Xn

en = X
, XzXz ..

22 = X
, x2 + X

, Xzt . XnYn

(y - X
,)(y- Yn) . -- (y - xn)

= ye ,ye... en

every invariat polynomial in X
....,

Xa is a polynomial in 2
, .... In

Order monomials :

xMy ... X,x

if man
,

or men, men
,

or ... (es order

Suppose of invariant.

Look at biggest monomial infX.

"

Xe...

Subtract (X ,+X2 + .. - /"+ Mn
. (x,

xzx . -)2 s
. (x, Xaxyx /Ma

- no
...

This kills biggest monomial in F
,

continue until newf is zeo.

I
-> f symmelz, the n

, The The >,

So invariants of In &" are finitely generated algebra
over I

Algebrar of ineariants is polynomidring Kee, ...,
en] (unusual to have mo nontrivial relations

tends to happen of G is a reflection
group

G = An alternating group

4=xi - xi) = (x
=

- Xz((x,
- xa)(XzY) ...

An = subgroup of Sn fixing a index 2 if n



Javariats of An polynomials in e
, ...,

en,

& is symmetric-> poly in e
, ...,

In

n
=282- ete

messy for 132

Exampleofa syzygy

An ring of invariants is finitely garded by e
,..., en

,
0 butmilrelation Ele, ..., en0

First order
syzyge

Let G : 4/3k ading on I 03= / G(x
,

4) = (wx
,
we

0 EG w= 1 w = gi/3
xayb invaist if slat

x3ay x2 y
zo E

, E2 zu generate algebra of invariants

Zot3 = zz

z
,
zz - z

,zn = anZeny syzgea

z?-z
, z = a

,

Sz? -Zoze = a3 first order syzyging

Z
,
9

, +724 + Zzas =o
- second order

↓enusegunddemonk(Zo
, 7

,
72

,
25) te invariats

Ra

are z
,
2 - 7

,22

as t ...

as 1 ...

bi z
,
a

,
+ z2a2 + zzaz

... -- R- R
*
-K(z

,
7, . . .) - Invariat Ning

& ↑ R
second order

Firstock syzygin



Es R finitely generated as ak-be? k[x] Fig, as algebrnot module

5 Rm finitely gereted as an Rowle ?

RV 11 111"
"

(*) Is this chain of modules finite?

Hibort : yes,
if G is reductive and K char O

specia cas : 1610

1: Invariant theory

Binary quantics
To variables dont know what degree is

anxyo + a
,

x
*y + ... + gyh

Idea: take basis ofI""! An
,

an, ...,
do

Group Sh
.(4) auts on In

(2
an (ax+by(((x+dy)0

+ an (ax +by/((x +dy)
t wa

= ananx nan,..fx
- (something worse) x*y +

-> action of Shy() on
*

Juvants on polynomibin a
, ...,a

Camply: Discriminant : constutT(:St Xi
,
X

,
rooks of aux... xd=0

axxa
, xy + a

,y -> a10 (b Fact

Catalesticat : ↓ toae eI
an any ap

I



Pawl Gordan ! Invariants of binary quantics are fig
.

⑤ difficult to compute

Terarycubics

X x2yxy2ye
xzxyzy2z

xz yz
E

Sta(4) action- invaints generated by 2 of degrees &6
X

really brental
"Solu 54 equations in 103 variables"

Seems like Invariant Theory sort of devolved into choos by end of19th century

Syzygies : relations between invariats

↳ even worse than invarats

() If you can show invariants on P.g. He syzygies are also fig.
=> -> k[X ,

, .. ., Xn] -> ring of invariants
↑

ideal offirstord

syzygis

#her lot k- Xn] is Fe. ( idea)

5 all idels are fg., ring is called metherian (Emmy Noether

meaningsof frite generation :

(l Ag. as module or ident
(2) fig , as an algebra

ring homomorphism
over a rig

(3) Eg,
as a field

k[x] fig as algebra over 1 (x)
but not as module 1

,
X

,
x2

,
x3, ..

17(x) = national functions f.g
.

as feld over l

but not algebra1,is-



e
&intensionsof Hilbert's the

Hildet should invaint rings of G acting on k[X, ..-

, Xn]

are often Fig.
(k chan of

↳ reductive

Is ring of invariants fg, as an algebr
for all groups

?

Nagata- counterexample

Polynomial ritgs Noethim
↳ an all idents of any ring fig?

no! KEX,,
. . . ] (infinder variable)

O idea is not fig.

o R ... Re &*-R
*

- K(x, .. .

,
↑]t)) -> 0] finite free resolution

L
quotient (loo may to wate

RineReRM- O fee resolution
↳module

oveR

Does ery
Fg. models over Nothin ring hav finite free resolution?

True for integers !oeZ*

-M30] for length2
"The abelian group

whe is fails : R = KE]/(x) bus 1
,

x #30

M = R((x) = k

-- ReR = Re 10

goes on forever! 1 + 1

i m



Lecture5 : Northerian Rings

DAE:

(1) R is Noetferian

(2) All ideas of R are f.g.

(3) Every strictly increasing chain of idels

5,J25yc --- is finite!

(4) Every nonempty set of reads has a maximal element

P :

(1) ((z) by def

(2=>(3) Given a chain 5
. 25ed--form 5= 15

;

I fig . by a
, ..., an

All a; in In for some n

Then 5 : In sochan stops at In

13) =(2) if 50 pick a
,
to in 5

if If(a) pick an #(9)
, an5

if 510
,06 "as" (9, aes

& C (4) <(9
,82). finite by (2) so stops - 5 fig,

(3) (4) Nothing to do with rings.

General property for posets

(3) =(4) for any poset : S is monempty.
Pick 5

,5 inotmaxpil StheJ
implicitly using axiom ochoice

etc. If no elect maximal
,

wo get infinite chuch*

= maximal dement

(k) = (2) 5
, 25x ...

Pick maximal element In by 18) = charh fine
: stops at In

Example: KEX.,X2
, ...] do variables

(2) (X,,
x2

, --- notf. by def.

(3) (X,)c(x,Xy) ... chain

↑
15) no maximal element



Decreasing/minimal : Stronge condition Cartinian
& (2)>(4(48) - (16) ...

& decreasing chain wno minimal element

Noettrian?

xR[X] polynomids /form P
.

5.

D
.
= all ideas genecked by element

&

ring of anoletic functions on IR X Set Eurolimpts. 5 : functive vanishing at all but finkly many ets .
at Z

Andytic on E1
,

is closed ~ finite num of zeos on El
,

13 A= polynominxu firs on 21
,

13I &

Analytic on
11, 1) open X Z = -E

,

t
,

1 % ... som trick as above

Analyti at o ↓ f = x* unit only idels (x*)n40 and 10) discrete valuation ring

Smooth man O
X f with Note oi fo fre* (01

,

floo (f) f** - -

maps to ring of formal por series /F = 2x) x unte discrete valuation ring

Al notwarings have well-behaved zors (fink order
,
etc.

Example : Is a subring of a Northerian Ring Noethian?

Usually no. see above !

R & Q (field of quaticals
↑

Integral demain
(n zeo divising

Quotient rings :If R is Northerian
,

so is any quotient R/s

idels of R/s > ideas of R containing 5.

If R F
.g , algebra/S

,
who S Northerian

then R is Northerin R : Six

k(x ,4]/y2x3x) Noterican

k[x] Every idel generated by ore element

Is everydel of KEx
, T] generably 2 elemets?

y3
A : No! y y2x&xx -V .

S

. requesa
a

(y3
,

y3x,
yx2x39 5/degue epolynomists /



formal son
cries

-Anexample : Puiseaux seris k[[x]]

a tax+a
,
x+...

infinite

we don't care if this converges!

think about the as lists[9:3

k((xb] < k((x *]]s ... [k((xmi]]
Is this Notarian ? No! (x) <(x*) <(x* c ...

Leve6: Proof of Hilbert's this

k(x. , ...,xn](x
,-

,
Xn]

All idets are
fig.

=> All chains of idels 5
. 55253 < eventually constant

more general :

R Noetherian => R[X] Noetheria

k is Northam so N = thm.

goop : Suppor I is an idal of R[x]
constants

-
5= idel of leading coefficialsof deque o dem-a es=6
- 2
62 &x2+ a

,
x +a

,
Es

11 I
,

is ideal of R 450 Si F
.g ,

lasidal of R

(2) 5065, 45e5 ... so forsown
, InEri

finite set of generators for 5 :

So F finte set of polynomids ofdego,
a who leading tem gena

a
,
X

,
I Ill "5

,

!

Su = -" "Axx -+ Leading kews an guides In

S = Usi
.

Shows generates 5 :

If f= anxx ... 5
,

we can
find some element of idel 151 with

leading coefficial man : amd5m

min : amxn--multiply by mon



F-ge(s) = smaller degene the F
,

still in 5 repert until =0 - I f.g.

Problem: not entirely constructive for whichn does chain stop?

Let 53X
is 1 in ideal ? X When do you know whe to stop?

It could be (0) on

↳ (1000000 000 of

R(X]] is Noettrian if R is Netherian

a + a
,
x + a

,
x+ ...

flip proof :

Look at smallest term of power series.

50 : idea of ajs

5, = idel of ai
s

"

5551555 ... 5 idel of R

findn with Entry=

We seem to need an infinite sum to writef in terms of S.

need to add terms like Isn
, Man

,
MaxSn -

(Mn + in + ,
X + m+2x3 --- ) c R(x]]

So REX3]
,

R(, y, Ej] Noetharan

Aernative Proof (Gordon) :

partial order

&
1)(X,, ..-, Xn] -

(1) "Dickson's Lemma" If s any set of monomials
,

it has only afin number of minimal elements lordeed by divisibilityint

n thin be cost utimea

x +y6

-

10
,0) (1

, 09

2) Now look at ideal 5 Sk[X, ,
--.

*n]

Orde monomials wh let order -> totorder
,weorder

Defin leading term of
any poly as riy

* Sit
.

Maximal

-



Look at set of leadingfrms in 5. This is a subset of monomics

* has finte of minine elements
.

Pick a polynomial for each min elect

These the generate J .
(5+ FES

, pick som geneder whos leading term If
,

we to kill leading tenoffe eventually goes to 0 *

Woo Grobner bases !

:finite generator of Algebr of invariats

Suppose G a find group actly on Pinte dimension vector spur

V over a field k with char0.
Thn algebra of invaints of G is fig .

(as a k-algebra
-

polynomials on I fixed by G.

dimV = n -> Alber of polynomials KEx
, . . .,

Xn]

Gradd : degXi =

deg x"x = n
,
+ My -- -

R = R
.

@R
,
O ... Ri = things of degree ;

11

" (X
,, . . ., Xn)

5= subalgebra of invariats
no 50 b/c #50

5= 5005
, 050 -

5- idea off game by 55
,

J = 5, 520 ...

J= figided by basis thm

genated by a
, ...al homogenous

want to show a
, , . . .,a generate abre J

(they genet the Modele Lided)J of RA

·
subagbeJ idea



* gewetes in 5 but does not gemitegeben 5

What exter property does I have?

* has
amedsopenter > peft-Tif

*

p(1) = 1
k chor O

G finite

or at last chark X1G
P(fg) + p(f)p(g)
p(fg) = fp(g) if I fixed by G

p(f) = f if f fixed by G

0- 5- R+ R/z + 0

~
5-modules

P is a hom of 5modules from R to E

it suits this exact segence

R =5(kerp) las 5-modules

Proof by induction on degre that a re , ... genes as k-algebra

pick fes dayf >0

f = a, + 14+ ... GER
as feited J

Apply p:eff)-pla(planet---as fixed
in k2a, ..., a)

find by G = a
,p(4(+ap() + ...

P()e5
deg C< deff (deg a:of

p(cek[a,
,

..-] by induction

Hillert obser pand for Sha(p) : poor aboutWorsforComput grows : we can integrate ovethea

↓

Plfg
But... SLn(l) not compat

Weyl's unitun trick: Sun is cement
similar reps.

IinfiniteSgreat
bes



inSS
maeverse in gened

= SUn(IR) OR I

For infinite dim

Complex reps of Sun , SLR) saw (complexities are sand

ecture8 : Noetferian Modules

module M overa ring R is No trian if all submodules arg . (R Noeturnian as ring
= R noethrian as R-module

#

every monempty set of submodules has maximal element

# every strictly increasing chair M
, < Mz2-- of subndus is finite

Peo: analogous to Noethrian rings

-A - B + Ce0 A
.

B
,

C are R-modules

B moethri A
,

2 noetherian

= easy
E

Take submodul M of B

quate (1) Take find set of elements of M sit , images of C generate image of M in C.EM (2) take finite set of elements of M genating MrA

If A
.

B methro => AGB Northerian O-AeAB-Be

Any fg,
module"overa Noetherian ring is also Noetherian

o- R+ M10

eneffectofNoethria modul

Application : syzygies fig. (If invariants are
Kerne - First order by zygie

... R*-> R -> Rinvariats so

↳ notheria
All higher-order syzygics fig. as R-module



M E
.g.

over Notferian ring

->-R-R"-Meo
M numa

finite

M has free resolution by fig .
free modate

Problem") : chain might be infinite

Problem 2: Resolution might not be unique

R = k(x, . .

., Xn]

Chain finite
, colmst unique (could add - ReRe in Somewhere

-> minimal resolution uniqu

Not :If G white acts on V. S
.

V fin
. dim/feldk

any characteristic

then invariants of G Gre Fg.

Char zo => no Reynolds operator!
G = (o) 4 She(k)

H
G = kt

that splits
...

does
not exis

acts on 12 want tofind
may

action of a nontrivial
- d

1 = #p ,
G finteOTSee

Prof (alkunake angumt R
Suppor 65k(

, ...,x] each X : is a root of

polynomial (x -xi)(x -9
. xi)(X- gaxi) ---

=(x- gxy) c R(x]

Coeffs are invariant under g

-elementary sym· functions in 9.
41

,
92x....

S = algebrar generated by these coeffs.

S > invariety < R = k(x, .,Xn]

·g.algebra sizes nat



R is Eg. S-module
Each X: is integralovernomial with leading creft 1 and otherins

Generating set for R = k[X
, ..., Xn] as S-module

X
,
vix... xni)(a)

X !2 linear combination of 1
,

X
, ...,
x14-

xa1 +

1 1

So have at most 16th genecie for R
as an 5-module.

5 >invariats <R = kEX
, ..,n]

↑ ↑
① fig. -alade M ②g .

S-module
I ⑤ Noettarian S - moduleNoetheran ring &F

.g. S-module
submodule of Noethra

module
⑤ So invariants are Fig .

K-Algebra
ul generators :

(1) generators of s as kalsebe

(2) generators of invariants as 5-module

Works in chew O ... so why use Hilbert's at all?

A : Hilbot's works for some infinite groups

= IG) = & in char po is ring of invariants a fig , algebra?

much hunder
. Usually yes.

TFAE : G is algebraic group (i. e. Shalk)
() If G acts on f.g. algebra over k

, ring of invariants

always fig. algebra. - additive
involved growsof fieldne a

R2) G is reductive (no normal subgroups isomorphicto K
(3) If Gaets on U. S. K with fixed rectorO then some

poly fixed by a has florflur -> "Nonlinear Reynolds operator"



Leathe4: Euclidean Domains "How to draw a ring"

-> Point for each element

Point for each basis element
T

Point for each prime ideal

Examples: IR

↳
L0

% a =

& - 2

i+ 1

...010

Gaussian integers &[i][K
. 000

L

-

Z

.....

Evidendomains :

Integral domain R with division with remandin algorithm
remandeGiven abER b to

then-notient

RHg wellordereds,
,
2
... 3)

Euclidean domain -> P
.

5
.

D. - unique factorization into primes

Euclid+ > P
.

J .

Di

Pick ICR
. If 57(0) pick a5

,

lat minimal (to
check 5 = (2) so 5 principal ↓
bes

, beager Inklal
,

res so no

U pisiredwible (Port,, comb is net
the p

is prim Jolab-e

Proof : suppose plab if p a look at (p,
a) = (x) xp

so X is a unit and (p, a) : (1)

= xp + ya = 1

xpb + yab = b
p(xpb + yab = 1/b



=> unique factorization into prives
ke step if

p, Pz . - -

= 9
,

%2 - Pi ,
9:

irrefumble

the P , 19, 92-

so p , /some,

So
p, 9; unit

remove
,

rinse
,

and repeat => unique factorization up to units and ordering

So Euclidean domains are GAD,

&[i] is Euclidea--fabeldi]
,

b to the a saber, (b) Irl- complex absolute value

↓
in [i] finda Imanil =n - well ordered

- = 9 + 5

15k1 Irk/bl

want to shar any 5somethingi
↑ r/b

... 6

..D.

- ·

open unit disks with radius cover Ke we can always find something

=>
so &[i] is Galidean

still cover plane!·temundi
do u

↳,
=> not necessarily Eucliden

In fact, not Eucliden
,

PED
,

or
UFD 2x2 = (1)/1·

Example : (2,
1) not principal idea

Handm
Latin (a = at

↑ triangle lattice



Replac [CU] + &[]Mr

.
unit disks cover plan ->voliden Doman

-> PID

Evalidean Domains are rare even among
UADs

REx] UH) if R is

K(x
,
y] is UfD

,

not Pare (X,
4) not principal

Most PADs are Gualilan Doman (X
,

KEx]
, divn L(i]

&[x] PID but not Euclidem
Il

If R Evalida
,

let
a

be smallest element ato
,

a t und

Every elect of Recal repeated by 0 orwnt
.

But [*]
has only 2 units : II - can't be Euclidean (somehow...

Picture method- good If underlying additive group can be embedded in a U. S.

Powerful when it works...but it doesnt usually...

Lemm: Weiewstruss preparation ther

Draw a picture of each bos element

k(x))x
...

14[x , y]:
↑
ingnotFig, asalee



Ideals of finite codim

monomial ideal

·
au Iix -

Finla

find dim R= 1 (x
,y]/(x3

,

x2y, 43

·
↓

codim5 = diml/ = dimR : R

k(x
, 7) xe = x 47 -

Y

Show : ring of invariants is Z-dim free module over pobremial ring

↑ ↓%want
total denis

↑ Wighk(x,
y3]

Y . 90 . 0 -

S
j⑧ . 0 . 0 k[4v

,
w]/(v2aubusin for 1 x x

invortring ↳coordinate ring of a core

and mode over k[x3
, y3]

k[[X
,
n]] is UFD

KE*]] UPD is trinal
& DUR

, only idels are (01
,
(x) = P5]

Ru = R[x] UFD
=> R(x

, y,] WAS

But R uFD # REX3] wAD



is th willa
↑

& ya +

yu(/ +y ... + 1)

↓
(k(x])(y]

powerseris in x divisiba

unit Inst
- U

x(1 + xyzy 1 +
xy +x22+x333x .. -

If: Y:2Y -

f Y

not divisibledx x
: %-

L

2

I

~
weweft f : x

*

x unity weierstreiss polynomial
in this column

Application : K[[X
, Y]] is UAD

.

# is Noetferian

key point : iffireible,

that is in t if figh the

Weiertreiss: assum F
.

gh weiestess polys

figh -> frigh for sore rek[X ,Y]]

want to show o is poly in y

not weiestess (f = 1+xn= 1 - x +x2x3

g = h = 1

refer,
ro-w poly n

= unit



Ifrln-Igh)
*wit" vilbymission

Sow is poly in y
not x

so figh in (k)[T]
so fly be Mis UD

or All
zu

in k(=])27]

so flg orfl in Ky]]

=> k[x
,Y]) UAD

Warning : ring of convergent
pour

sories NOT GAD

F= convergent poly with infinit zeroes z
,...,

f(x) = (X - zi) ... (x-En) ...

l: Spectrum of a ring

Brow a point for each prim ideal

Motivation:

X compact hausdorff spac

R =

ring of continuous functions on
X

X is a good picturof
commutative (

*

algebra

Ifl-sup

Given R
,

reconstruct X :

points of X to maximal closed ideb of R

x- idea offunction f(x) =

T
hweierstrass thm : all closed maximal idels of R ofthis form



Topology on X : basis of openats Ul : "point
, whe foidaa

closed idea 5 - Z (5) : set of max ideas containing 5 cloud but

not fore-to-or (commun zeos of all FeJ

Copylextend for any commutative rig R

X = max idels of R

Define topology as abou

X called maximal Spectrum of R Spec (R)

Res m maxide of

speem X - Y Alm) maxide in R

Only works in C* clgebe

F:-Q
m = 0

fim) = o not max in I

Let's fix this problem ReStk Smified

Image of RGK so it is an

integral domain
,

so it need not be a

field

Re B intege domain

xy (b = x -P or

yep

subring of integral domain is integral domain

if F : Res
=S prime is prim



Spec(R) : points correspond to prim ideas of R

topology-s basis of open sets UCF) : SB/f #P)
cloud sets : &(5) = [p/5SB)

Check : do 7) form
a topology ? Dz(5s) =Z)

closed under intersections : z(5)vz(t) = z(55)
-gemeht by

is fr it jej

= is prime,

then 55 <PJSPor JSP

Examples
10) not princ shad : Yet doman definite -> 10

(1) R = 0 (zeroring) Spack)-
(2) R = field Spe(R)-Glor3 is a point
(3) R = C[X]

Prime idels : Maximal (x- N)xcD

non max (op

Spe(r) = Cu... h
generic point

Sperm(R) = I

tpology : Closed sts I
,

all finitesets

I = (f) = ((x- q((x - xy) -- (x-a)
Topology not Hausdorff!

Add 10) : Co) is not close !

close is whole spaar Spe (R

#zenit



See (*) : maximal idals : (2)
,

13)
,

(5)
,

17, ...

prime ideal : 100

closed sets : Finite subsets of (21
,

131
, 15)...

Trot including (0) ,
whole

space

#(3)/ Cop......

11. Dimensional point

Spec (IRE3) - euript - Spec (Ex)) = 1 u generic of

maxids (x.x) &E

10) not closd

maxidls (x2 + bx + c)
roots xxiy, you

b2tac O

Spe a quipts cos

+ (xxiy ,
X- iy)

-)
(0) U & "folded in half"

in general

Su(KEx)) : Its orbits of Gallif on E
, togethe with los)

nudExamplesofaend
Sear with points pricetab of

Why is it called the Spectrum of R ?

Example: R = C[A] A : matrix in MnLIO
spectrum-eigenvalues
->comes from quantum mechanics



If A has minimum polynomial (x-x.)" (x-x2)m...perform = 3x, 22
, ...3

R =<[x]/mir poly
↑ prim ideals : (x-4,/

Recall Spek..... Cop

S4)].... (0) (2) killed
somwhat per

- if (2) is causing problems
decomposed ESpee Lr

(2)

O

(o) (3)
,

(5), ... killed-①

·

Eoddsfocus on le

[127 Seet

· los

r↓ I moda break into2 prime

(2)= (+i)

(3) = (3)

(6)- (2xi)(2-i)

Spec ((x , Y]

maximal ideals : (xx
, y-B)(-xye

Primer ideas If) Firred poly
generic point 10
:,79) remember: weind topology !-

i don
com



((x ,y]]
closed point : (x

,y (0
,
0)e

generic pt.m
red continea

#
Spec &[x] - diff video in algebrain geonetey

Spec of Hecke Ring - theory of modular forms

EE
- 2009-

&
n

=qqq2
= Ex(n)g

Hacke Algebra:

spanned by Hacke operators In

In (Er) = (h)Er
↑

n (On) = E(n) On

Sper(Heake Algebraf ~

~

L .....
subriny of IxI genatio by -

all (0, (h)
, e(n) :



find other elements : an their any congruence (h) = E(n) mod N

Ramanujan: On(n) = E(r) mod 691

n = 2 2019
- 24

[x] (in) (n+1
,
n

-
>

(

↓
&

W
↓

↳

S

↓
&

R = (m,
n) menmod gar

R + [x]

What is Spea R
(m

,
n) emn

SpeeR SpuSp
(21p4) Eisenstein Prime

(m,
n) emmodp (2) (3) Is (691)-

-
im,) enmode

Ramanujansis
6910 = 65520(tr - Of

*
Tech lattine

B
:

toplegyof
statee

points : primide
↑ topological spar

Basis opens : Wif = [B/FAB)
"fo"

Closed Sets Z/5) Cadel)
= primes containing 5

Non-Hausdorff :

Spect:10



SpeR is quasicompent
= compact
- every open cover has a

finite subcover

Suppose SpeR covered by open sets UCFi) (basis
=> no prive (max) idel contains all F:

=> idea gameled by 35.3 is R

=> I = Evifi algebra => no infinite sums
un
finite number

=> spe R covered by finte number of f..

Connectedness :

#spee R connected ?
↑

nonempty
,

not union of two disjoint
, nonempty open sets

R integral domain => spee R connected
il

closur ofLim bl R integral domain

see R not connected :

R = AXB ll any prim p
of R contains h or l so contains A or

In Is

So speel-sport v SpB
UC) Ulli

Example : 2/1201 CRT L/mnt = L/mIX Y
/C

= 482 + 4/32x434 min coprime

S4/104"

⑪[G] G Abelian group
basis get

gh = gh
"ringgroup



G = Klein -group
1
,
ab,

2 a2= b=3=

abc = /

Spe Q(a] eHaute-ma
T T

en Hab estaX

e eie; o itj

ete , +e + es = 1

R =[] = e
.

Re
,
Re

,
Re

,
R

W
i

Q

Spec Q[G] 00G
([G] X : G-

*

199
characters of G e-ingX(9)e

Hom(G
,

D*

1 -2 b+c
& (a) = x(b) = 12(2) = 1

&
a (G) = 9

-/ es
be

Irredwible
-

Xired if nonempty
,

not venion of I proper closed sets

↓
any I nonembly openses intersect

Hausdorff + irreducible=> X is a point

Examplei Spec 1 is inebucible

Spe = Top

if x is a point, I is irreducible

R= 1(G] G = Klein -group

Spe [G] characters of &[G]
->

1- 1[G] =>
a -1

b - /
->

See[ Spe[[a]Sp

S



Sper1.(2) (3)- (0) Speak-

Spec(a)

Common for spee to be finity union of imeducible components

Sa (c()/

num& contains X or y

((x] or [[y]

((x ,y]/(3x3+ x)

polynomial curves on y2: x*- X #looks disconnected
,

but that's just
inthe Evaliden topology; however,

it is connected and irreducible

LaurIf : Siredwable subsets of Spac

XeX - irreduable

In speek
,

any closed iredweible subset

is of the form
,

Xe specR

Of : Let z(5) be irned. closed subst/5 idea

z(5) =Tp + 5 ?

I need not be prim
5 = (4)22

z(5) = (2)



Replace 5 by N : GreRIre5n*
↑ radical of 5

cloud under if5 -
rJ je] m

,
n > o

Crimemerments..tesman

divisible by rm5 divisible by shes

-f 533534
rEB() rEP

so z(5) = z()

so we may assem 5 = 15

If 5= 55 and (5) irreducte
,

then 5 is pin

pick 2
,

b with abes want to show a e5
,

bes

Suppor not.

(5a)(5b)35 (abe5)
so z(52) vz(5b) = z(5)

↑ ↑ Y

closd Clord irnedweste

=> z(5) = z(5m) or
z(5b)

WLOG z(5a) = z(E)

but no power
of

a
is inI since acs

,
5 prine

by Comma (below)
,

I prime B disjoint from 11
,
0

,

94...7
containing 5

.. contradicts &(52) : z(5)
pf pe

So 5 is price · Easy to check z(5) :Jo

amma: suppose S multiplication subset of R disjoint from ideal to

leS
,

a
,
bes = abes

The we can find
a princided p PvS =# 135

If: pick Bainal among ideas disjoint from s containing 5

4 Zorn

we show i is prime: suppose abed

p + (2)
, B

+ (b) cannot both contain an elevet of S Cotherwis so would i by multiplicativity
Wow B + (a) nS = b

by maximality of B , B = p + (a) =at



Application of lemma:

spee of C(X) is weird...
W

continucompact Harsdorff
space

functions
onM

Maxidels of C(X) are just My
xex

functions vanishing at x

If 5 is any idol sit. for each XeX
,

we can

find fx t F
,

O the 5-R

Cover X by sats when F
y

to Copen sets = finite over
X computa

Finite # of Ex
,

y eX = some f,(y) to

Exx zo on X

So is a und in 5 so
5 = R

(1) every price of ((X) is I some uniqu max idea my xeX

if B <my my

·
f(x) +o g(y) +o

fg = o

fgel so i not prime

12) If p is closd
, p < my then

p = my 17
y +x p contains element of fly to

(3) monclosed prima idels are weird

problem : do they exist?

can't construct them
,

use homma

pick point x cron-isolated)

I- ide of Punding vanishing in rbld of x



S = 31 ,
5

,

2, ... ) f(x) : 0 Set

by hmma
,

can find prim p p.s = +$35
f # Smx

& + my

femy
f(B

So p is non-maximal
,

non-cloud primideal (apparently this depends on axiom of choiceof

⑫um15 : Noetherian Topolocaspases

R Notterian riny -> SpeeR No offerian top space

for top, space X,fae

(1) Every monempty set of closed sets has
a minimal element

(2) Everyhorempty set of open sets has a maximal element complement of open/close sets

(3) Every increasing sequence of
open sets U

.
SU

.
SU, Stabilizes

(4) Same for cloud sets/decreasing

(5) Every own set is quasicompact

R nothrian => SpecR noetherian

I Closed sets corres · to (somel ideals

X hausdoff - Northerian => X finite + discrete

(i..e. two props very incompatible!

If Speck Noetlerian
,

is R materian?

R = k[X
,

Xn
,

...] Ovariables

...
Speck is a point only prime is (X.,

Xa
, ...
-

R not Netherian
not fig.



NoeHiltoninduction : sps P property of cloud set CCX
,

when X methrin

sps all per cloud subots of I have P Chasp

Then all closed sets have P

& if not
, pick minimal cloud set (without P

All proper subsets ofC have I by minimality
,

so C has I by assumption *

Thm : In a Nothian dop, space, any closed set is the union ofite # of closed irreducibles

& property P : C is union of finite # of irreducibles

Ses. every proper closed subset of C has proppi

girebreibl : union of 1 irreducible

&not irreducible : C = DuE D
,

E proper closed subsets

So D
,

E union of finite of irreducible by assumption
=> C isby unions

Apply Noethurian induction

& Noetherian ring => all cload subsets of Speck = unionof finite # of irreducibles = Its /closure ofpoints

Examples : R = KE,Y] Algebrain set-set of common Zero s of some polynomials
~ set of primedeals containing some polynomials

irred ruble
curves

I
irreducible algebreit sets : Varieties

Example : Spee ((X) X compact, Hausdorff
-> continuous real functions

cload sets of spaR not usually union offinite irreducibles



hand-ish to figuer out irredubbles of See C(X) Lola hard to figue out prim ideals of ((X

not so important though

&
Imaximal ideas ets

each prine ideal contained
in uniqu maximal ideal

each inedvible subst contains at most 1 maximal idealM
of X X not decomposible into finate of irreducible

CLX) non-methrian
, Spec ((X) non-noethrin => the doesn't apply

Group Sy , group ring
[[S] e not commutative (womp womp

Take unter -> spanned by conjugacy classes21 1231
,

13113
S

[(123)
, (132)]

1 a = (12) + (23(x(31) b = (123) + (132)

REL@4# 1 as Gogp
a b

a = 3+ 3b

b = 2+ b

ab = 2a

& prim - R/p:bb-
b = - 1 un b = 2

2 cases : b = - 1 ya30 ya= o

a2 ,
3x3b b = 2 + a29-a = +3

This gives 3 homomorphisms B-
bto-1 are o

Sa-k
->

close relations to Spe R
be 2 ate 3

b+ 2 als -3

&Z

·ing
Trepresentations

&
b = 2

modular reps
Creps over finite folds -a

-

Spent-(b)

so speek has 3 irreduible components



⑭I: Localization

Ring R ,
subsets

Construct new Ning: RCS"]

So all elements ofs have inverses

Example : R = < S = nonzers integers

RIS"J = Q

R = 1 S= 2 R[s] = (2)
R =2 3 = 53,

3
,
7
,

...) RCs"3 :393 bodd

Spat-
Spec Q Spectr) See bod

Localization : restriction to subset of spectrum (turns things into units

R = &Ex] S = all nonzero elements

R(5] = D() = (a + 03
-

R
= ((x]S = [x3

RES"] : ring of all Laurent polynomial
= 3 anx

-

= ()

R = ((x]( = (x - a(a + 03

R] = I defined ot 03

For



How do we construct R &S"]

our variable for each seS

ite, te
...
]
5

R(5] :

(St: 1
, Satzl

,
... / R- > T images of S are invertible inT

T

+ = inverse of s
, &

how big is this?

R- R(s"]

what is the Kerrel ?

rs =0 SES

=> r=o in RC5]
rs

, 50 S
,
snES

=> r = 0 in R &Sy
i

we assume
S is a multiplicative subset

IES She = Sets

Harmless : given S
,

take all finite products of sieS land If
-> gives same RCs"]

,
makes little difference in practice
/

why? simplifies notation

So assum S is multiplicative with no zero divisors

Construct RIS"]

copy construction of Q from 1

take all pain (13) reR so

Y

recall 4 : %

Equivalence relation : /
.

= T
,

E 152 : ES
,

Defin +, -

,

X
,

o , 0 = 0
(i(,) x(14) = 1552x
ri, +/ = rayes, s multiplicative

5,~

R- R[s]

rieY

Check : (1) = is equivalence relation

(2) ops are well defind "%. =):
13) ring axioms



most checks : easy
Subtle point : check = is transitive

By should imply a
& /

only ifSe not risi = raS
,

rise-ins, raSprea zeo divison - TX

risa : rea = rasa e Salta-ras) = 0

R-> R[s] is injective =S no zero divisors

r + Y
/ T = 0E) To

All elements of R[S] are of the form is

T = 0() T= 0

Examples :

(1) R integral domain
,

5 = nonzero elements -> RES] = field of quotients
(5) R anyring S : non zeodivisos -> RCs"] : total quotient ring

"multiplicatio 19 "biggest" quotient ring sit
. RSR[s"]

R = (xX - R(j] = Q + Q

S
may have zeo divisors

put I- reR with us : 0 for some seS

↓5,0 Ease = o

(n, + z)5
, 5 =0

↑ + rE5 * multiplicative

Image of S in R/g has no zeo divisors

So can form (P/5)[s]

BE's'] -> has universal properties!

key point : the land of D&RCs] is just 5 = Gr/rs-0 for someses)
Elements of DCs"] all of form rs" =0> &S,0 for some SES

↑/s= ",) Slin-resil = 0 for some ses

-> works directly if you don't want to quotient by 5 first



kills y

Examples : (1) R =((x, 4)/(xyTS= X

R[s] = C[x
,
x

+

(2) B prinidal
S = complement of I

So can form RCS"] = Ry localization of R at prime I

Speak ~ Spee RCs"]

hel:SRI R]
ideals of R idals of RCs"]

5 + f(5)
-not an ide in general

is anided 5 te idal gretis by f
Textension je

f()1-15

contraction of JMLn J

If J is an idel of R25] there 5. idea gamated by f)

f("(5))e5

suppose xJ

theXis es

soref"(5)

so Yef(f"(5)
so Y, cidal generated by

JHf"(5)
tinjective may from ideals of RES"] to ideals of R

Grty : 5 R is Noethrian
,

so is RC]
<Localizationis

Noetferian ascending chain condition



IRCs'] not usually f.g . as R-algebra
, so

Hilbert's basis tha doesn't really help

Spec RIs'] homeomorphic to subspace of Spec R

it is subset Cor
, isomorphicto one

,
see above

check topology : SpeeREst] has basis of

open sets U(Ms) = prims not containing Ys
= u(r,/

~ UCH in SpeR

&
set

pottiswe

Beyos

Spec RCS"] : Spack - all zoos of elements of S

Spee R(s] = subset of SpaR
u u

open subset of subset of primesidisjoint from S

SpeeR if Sfg.

Examples : Ry = RCs]
,

s = compliment of prime ideal P

"localization of R at prime I
"

Examples =Q = Elbodd)

((x]0) = ((+ ) ([X](x) = national functions defined at OEC

R= &(x , y] primes : cop

(f) ,
firedweible polynomial , ie . y 2x3

(x - 4
, 7-B) a

,Be



(f) firedible (0) closure contains everything

Spec &[x,T] (x -4
,
xb) +)(x,)e4

(y2 - x3) Localize at 10) CENT DE
, 13/09

Cop· us:
&

Localize ((x,7) innetallfunctionsexetaI((x, 4)/7)

- : Aas

44,/x470

S ·

"

quotient at prime : take all ets "inside" brines
e "infinitely close"

localize at prim : take all ets outside + nearby

->
closure ofi contains all points

Spec Ryy" points in closure of I
X ↑ ↑

& becomes Minimal (zerol ideal prime containing P

Spec By points whom closure contains I
↑ ↑

primes contained in P

#bemaximalide

& isnigh closed p

Example : localize([X,T
/xy)

at (x
, 49 localize at (x,y)

How many points in spectrum? (x) -> *

x
,y2

Co
, of

v

iSankar** -

3 pts in Spectrum



18: functions on Speck

R = ((X) X compact, Hausdorff

elements of R are cutions on X

X =
max Spec (R)

can we do something similar for any
R

R : functions on Speak
My s C(X)
↑functions f,

F(x) =0 Fed (xx = R

R = any ring BeSpeck we get integral domain By
NcR as function Speck -> [R/p 3

R = C(X) max ideals (x- 4)(-7 xk

FER I

f(x) =x2*
10)

R = I

Fe=
F = g

R- > functions /
is this injective?

-20 in all fields (R/p) - field of quotients
fe O in R #) fet

500 in all /p =) felP
B

a=o
= ac all primes

a" = o = a call primes
nT



Nitradical of R = 5 = Salar -o for some
d P

enuals intersection of all primes
(515 = 0 = find prim 4 St

. P35415 = $)

S = 1
,

a
,

02
, .,

a
,
e

=101

S15 = 057p25prs = d
so aP

FER is a function from speak to locatings Ry (instead of By
0 : When doesf have image O in Rp

I

A: whenso for some #P

Supposef has image O in l Ry BESpecR

f killed by some Sp#B for
any I

Annf = (x(fx= 0)

idea Annf ED for any DeSpeck

so Annf = R

5 contains 1 = 1 . F =0 = f + 0 yay injectivity !

Fe R : function with domain Stem at any PeSpeck ,
take values in Rp RB/ Xiegd

< (X) suppose U open X

O(W) = continuous functions on U

X
sheaf time apparently

restriction

perties:UV ONTO
8

- FEO(U) is O on every O(Ui) then F-0

(3) Sheat property : Assum n = Uni feQu:
j

4004 fi
,
f
,

have same image on OCU: nujO
43 Then

,
can find f O(U) with restriction fi on U:



Problem : Given ring B
,

spak
want to define ring O(U)

,
a open

in spat

behaving "like this "

↑
as if O(W) is "nice" function on U

Just look at open sets U(f) = SPIF: #B3
What about other open sets? Ignor them !

So : what should O(U(f)) be?

⑫ingin on wi
What are the nice

(2)
Defin O(U(f) = REF"]

We have defined a "sheaf of rings"on Speck :

u(f)- R(:]
open sets of

Rings
SpeeR

want this to behave like open sets of X -> continuous functions on X

&19 : Affine schemes

Affine scheme of aring
↑pretending that R ring of functions on Speck

I

open sets UCA) feR

GU(f)) = 1[A-7]
↑

"Functions on Ulf)"

Restriction : UF) ?U(,
&

REFE)"] = REF,] N



Present: If U(f) covered by Ulfi

geO(u) is 0 in O(UK) Vi

B
i

=
g =o

[f]
ulf/

Replay R by R &+"] + can assum f=

Ulfil cover Speck no prime ideal contains all f
=>

idal garrated by Fi is R

=> Eaifi-1 for som
:

Suppose geR go on all G(41f://
gf,

" -0 for some ni

# g. in R[P:"]

(f, , ...,
ful = R Kaif-im

(f...R
So Ebifi""I for some by

Ebifg
O

=> g = 0

Sheaf Condition :

Suppose Ulfi cover Ulf

Ult, uff

Dur
Given Fri on Ousfic

O Suppor same on UCF/1 Ulfi

Ulf)
then can findSom Y eULF)

equal to rif" on Ul

1) Cheat : assume R integral domain for simplicity
2) Assume f= I by replacing R by REF"]

3) As before daif" for some as (Ulf cover Speak
4)Can assume all n

:
=1 Lieplan fi by fi

ri

Goal : Findwere with first (re



Zaifi=Eaifirer
11

Zair

So we define r = dair:

now cheek fire :

fir-Eifi-Easfiri : Mi

if =it te because on O(f) 10() + Rintegral domain

↑ in Ou(fi)) => behaves like functions!

Speck : Ousfi t R(f]

Dictionary : e([x]
f= (x-y(x-pfak :

oprime ideal- point
Y

maximal ideal <-> closed point
[1

, 13

/I

feR <-sort-of function" weOuf)
73 - Ry

"hypersurfac of Zeros"
Sec

2p(f(B)
not 1-to-1

Ideal - Closed sets(5) f= 14
ulfe

local ring Rp-> local ring of Spec D Con
= "functions defined near p

"

aud-2227]coulocalization REF]=-> Open set U(f) = basis fortopology
localization R&S] => (ish) & open sets -

Idempotent a =a)> Cloud & open sets U

"a =0-clopen sets

Modubs over R <> Sheaves

Eure20 : Tensor Products

⑭N gives a module over
R

module
↑ * somexions omitea

MORN is universal" module for bilinear mapsfrom MXN



MxNtiMpN
(m,n)1m@n

bility ! line

A

Bilinear maps MxN- A
III

linear maps MORN - A

M& N : unique? Exists?

I

MxNSiMeet
MN

R

Any two &
are canonically isomorphic (essentially unique

Existance : trial

MXN -MON = (free R-module generated by men)/(r(men)frm) On
,
w(man)-marn,

man (m ,
+ myQn - m

,
an - man

,&m, makethemamon-mon,mane

↑
useless in practice - quotient ahuge thing by

another huge thing with no clue howto work with it

Warning :Por non-commutative rings,
tencum product more subtle

MORN M right R-module

↑
N left R-mudwh

abelian group,
not

R-module

need M Isided
,

N left R-module

If M
,

N ar R bi-modules
,

so is MORN



Examples : & of modules over rector spaces, I

III (MM) N = (M
,
No (MN)

bilinemaps (M ,
#M2]XN

"same as" pairs Bilien map
M

,
xNe #

MaxN=

same applies for N :NGN
(2) RQMEM

Bilinear
maps

RXM &X

"San ds"Imamaps M - X

for rector spans : 1* "*kmn
X

⑦ run copies of k@K = K

Don't confra VQW
,

UXW

not linear
!

Vxw- vow
basis V

, .-
,Um

,
W
, ..

., Wm basis V:W
;

men elements men elements

V basis V, , .

. .,
Um

W basis W,
, ...,

Wn

for F
.g, abelian groups :

Any F.g.

abelian group is ① of copies of I
, 4/nI

2012* 4/nG 4/mL * 4/m2
"Z /2

·by 101

m(l0i)
= m(x) = 0

n(101) = 0

similarly
(m, n)((Q1) = 0

gad J



1/mL * 42 is "at most" #/cm
,
n [

there is a bilinear map/mG * In /m
,
n

a b He ab

↓ ↑=
4/mG * 4/2

4/m242 = 0

if m
,
n coprime

4/24 * 432 = 0

/2 /not : Fra

RR = R/
generates by 5

,
5↑

ideals
*

R/fpM = M/zM

Tensor products and exactness

Suppose O-A + B+( -O exact /R-modules
55

OeAQM-BOMeCOM -O exact ?

yes
,

if R is a fied + BEAQC

no
,

if R=

⑳- /200 universal counterexample to "everything"

zeo Map
①4/2 ↓

x2

↳ ite 4730

T Satin
exact !

BEG PROBLEM ! - Homological algebra studies this problem



21: Tensor Products andExactress

Recall problem from last lecture : 02 1 - 4/230
x2

rightexact *
->

** 422+204229424438
1 nonjective a "4/24- 4/21

Homomorphisms Hom (**,*

left exact↑
0 -> Hom(/,4) - > Hom(

, 4) Hom12,*<4)-X
ItI " noton to22

Hom(*, 4/4) *= Hom(4
,
4/2/Hom(

,
*/Homx,*2x) o

As a nattentze "Le
Hom (A, x)= Hom(B,x/

Suppor O-A-B-C exact

then so is 0 -> Hom/M
,
A)- Hom/M

,
B) -> Hom (M

, <1

Let FEHom (M
,
B) Stimage in Hom/M, C is

5made of f is 0 in C

so image of FEIM/A) B

so f "really" map from M to A

So fe image of Hom (M
,

Al

Suppre A & B+ C -0 exact

Hom (A,
M) <- Hom/B

, M/ = Hom(s
,M) +0

feHom (B
, M) suppos iman is 0 EHom(A

,
M/

=> f Vanishes onEmAB

=> f really hom from BlamA-
=> freally" in Hom (2

, M



Suppose A + B+ C + 0 exact

MDA-MB-Moleo

recall Hom (A,
X) < Hom(B,x) = Hom/

,X/0 exact

then Hom (M,
HomA

,
x)) <Hom(M

,
Hom (B,<// = Hom/M

,
Homi, X1/40 exact

Il I Il

Hom (M@AHOMOBHom (Maxof bilinear maps MxA3X
so induces tensor canomical isomorphism

Adjointness:A left adjoint to fructor Hom (A,
**

Obser home from MQC to * same as home from MQB to * vanishing on Im MQA

so MQC really quotient MQB by Im MQA

so MQA-MQB-MQ( -O exact

Calculate & (Op Homiz]

AQM

R
*

- ReA30
①M RMM-RomeAqueo

Mm - u" + AQM -0

AQME Mum

① commute with direct limits (special can of leftadjointees

A,A-Ae ... Hi A - minionofallAimageof as

A Es under a map

Boliner maps (timA: ) XM to X

same as lim /Bilinear maps A ,xMex
->

convert to /FinAM

- LigA: amp



①Q ↳
④Q QQQQ

Lim Q = Q

So QQQ = Q

Nasty trap :

① 4/22

Q:In
not injective (always

①Q : EngL
· ↳X
-Oby the relation we quotiented out by

2: flatness
,

Tensor Products
,

Localization

Define M is called that if MQ * preserves exactness

i.e .
if OtA-B-C-0 exact

,
then

OteMoreMo-o also exact

always exact

Emph : overnoor
M flat => My vary "nicely"
&family of modules over local rings

Main result : RCs] is a t R-module
* localization is anmynice

Define: MCS"]· Recall : Defined RCS")

elects
s

&0 <> &, = 0
Some S

,
CS



Define MIS"] in the same way. Essentially copy everything

elements ofthe form Mys My
,

= 0 =) ms
,

to for some s,e

mys-my (msmess o for somesee

Key point : M-MCs"] preserves exactness

OeA + B -C to exact

=> OtACs]+ B(s]e((s]e0 exact

suppose bs" BCst] has image O in C(5]

b has imae <EC

bs- Cs =0

so as,0 for some s
.

ES

so bs
,

in image of A
, say, of act

bs"-bs
,

s
,
's" : as

,
) "E imag of Ais]

My prim P

= MCs"]
,

s = compliment of P
"Stalk of M out Y

M sheaf" of "modules" over "sheaf ofrings"

UN-R(f"]

ULf-M[F"] <
"quasicoherent sheaf"

stall
I

B - Rpp-Mp
↑family of the parametrized by points in Speak

resityis flat

A- > AQR[s] preserves exactress

A+ ACs"] preserves exactress

Show : A[s] = AQpRS")
as"As as

(ar)s' + ars



So RCs"] isthat (as an R-module

R/ not usually flat (as an R-module
2k4

0-A + Be) + 0 Romodules

*+ A/sa + B(B +4,
10

AR

localizing much easier - nicer than quotient

Suppose R integral domain (for proof simplicity

OTRR-BlaR To exact (ato

①M
Mat: 0-MM exact

=> mult by nonzero a is injective on M!

So flat modules are torsion-free

ma-o Por
a

,
m to

&

for I
,

torsion-free modules are flat Torsion-free flat
↑

true for all PED

fatness-> localization

IManishingis local : M =0= Mp = 0 for all primes i low all maxideals

suppor Mm = o for all maximal ideals

Pick XCM X = 0 in Mpz] = X killed by something
not in 17.

Ann(x) & M

So Ann(x) not in any max idel

so Ann(x) = R

50X = 8



(2) Exadnessis local 0- A - B + - 0 exact

# O-AptBBT (peo exact for all
prime i formaxideds

# localization preserves exactness

(5)(ie/miAes vanishe if vanish for all in

MT-
= her(Be(m/5m(kB)m as Rm is flat

13)is load M is flort > Mp flat for all primes p

Cor maximal)

(E) SupposeO- 1 + Be + 0 exact

want to show this QM is exact

0 - (1M(n= (BM)+ (cQM/+ 0

11

AnPrMpt" ->
"

-> 0

ure23: flat extensions

Rings RTS
R-algebra,

extension of R

R-moduly - S-module

M - SQM

Homp(M,N)Hum(M,
So

SHomm,
Ne Hum

,
(SorM, SorN

*still not isomorphism

R = 5: 2/22

M = 4/2 SorM = 4 S@rN= 4/24
N=

SQHomp(M,
N) = 0 Homs (SorM

, SorN)-4
#

The map is isomorphism if S is a flat Rmodule and M is finitely presented
* QS preserves

exactness



finitely presented : R
*
- REM - 0

min finite

R Nothrian : finitely generated => finitely presented

wantFoshow S@Hom(M,
N) - Hom

,
(SorM, SQRN) is isomorphism

(1) Trivial if M =R

(2) Obvious if MaR" Inte
m
,M

M,Mz

(3) R
*-R"-Meo (Mnfinite

Hom (*, N

& Hom[M
,
N - HomRNe Hom(rm,N

①
HatT
· - 0S@Homp(M,

N/+ SQHumm(R
,

M) - SQrHump (Rm
,

No

11 I ↓? Il Il 11

0 O - Hom
,

(SQM ,
SON)-Hom

, (SQRSQN)- Hom
,
(SQRm

, SEN

Hom(*, S*rN)!SQ SORMSOR" -SON Ro

RMER"-> Neo

Follows from 5-temma :

exact * + *- * - *-

↓ ↓ ↓ given isomorphisms

↳ **-
marion

Conclusion map is isomorphism
with injective

d- - 0

9

* -> *- * -* similar Lemma

&
* - * - * - #

onto- unto off ↓ rij↓ O outod dins Lin? Lins
* - *- * - *

* -> * - *- k

eF ->e-a
O

diagram chasing a



00 - 1 - 2 exa

ontod ontoy ind dont

0 - 1 - 1- 0 exact

Example : what if M is not finitely presented

R = Q S = Q(x] S flat R-module

M-QQQQQQ ... -dim vector span

N = Q

Q(00QGSAQL Y
Q() Homm ,

N HomIQM , QQN/l

Q(QQ ?
I

- #((x)Q)

⑳estakines a
terre pedert ummut withtaking
/

(f
,

(x)
, fu(x)

,
fa(x), ...

/
mi

fi(x) cQ(x]

(fk), f(x)
,

... /

all 5 hav doe -
(s

boundedbat Leg
m

similar but nonequal

Leuue24: Antinian modules

Recall : Noethrian:

M, GMr My 4. finite Artinian :

(1) ascending chain condition for submodules 11) descending chain condition

(2) every monempty set of submodules has max, element Pet M,Mc - Mas ... stabilizes

(3) every submodule is f
. g. (2) every monempty set of submodules has minimal element

(3) ???



Examples
11 : Modules that are Artinian & Nothin

O
,
/L Cover 31

,
any module with fine numbe of elements

any finite dim U
.
S. over field

(2) Noethrian
,

not Antinian :

↳ lover / 2> 24 >443823...

&
(

= 31bodd)

13) Neither Noethrinn or Artinian

Q (over 1) ... 3 14 - 12 -1-22742 . - .

(4) Artinian but not Noethrian (a bit weird...

4(2)/z = 445425445--union M

n -
only proper submodules

Injective envelope /2

Dual to 2 /

> not too big
"

-e
Rings : R Noethric ring

R Artinian ring
=> Noettria. R-moduleArtinian R-module

Examples : L Noetherian
,

not Artinian

&[1
,Yn

,
Xa,] a variables -not Noethurian or Artinian

Artinian & Noetherian #/4 0.
5 ./nonzer Ideal

K**
/

Noncommutative examples: My (k) groupings offinite
groups1[G]

any 1 algebra that is a finite dim . US.
Over 17

.

12, 4]/ideal of finite codimensions



All Antinian rings are Noetherian

*O

A module M is simple if only submodules are O and M

4/2k
Simple modules over

R are
B/M for in maximal ideal

M is called finite length if we can find

0 = MoSM
,
S ...Mr SM

MYM
..,

is simple n = length of M

analogous to finite length
Example :

r Finite dim U
.

S.

(24/04034235245"24/7

M finitelength = M Noetherian + Artinian

() Simple => Noetlerian
,

Antinian

If O-AeBec-0 exact
,

then

A
,

C Netherian => B Noetherian

A,d Antinian => B Artinian

[A ,
C Finitelength = B finite length]

1 #) OSM
,

Minimal nonzers (Artinian => minimum exists

05M
, GMz] ... [Mn =M

minimalM
,

4
stops by Northerian

If M has finite length
, any two maximal chains have same length

* All quotient ta
simple or·

quotient+ ↑ -4 of 4x

L

options !

j
*E * ***

** *-for any
I chais with simple quotients the number oftimes

any given simple quotient is the sum



11) Length of finde length module is well-defined

(2) Length is additie on exact sequences

0 + A eB + C +0

length(A) + length (c) = length (B

S

dimension of rector space

similar to Jordan- Holder

L25: Artinian Rings

*
TFAE

.
(for a ringh

(1) R is Noethrim and O isI max

(2) R is Netherian and all primes are maximal (R is 0-dimensional

(3) R has finite length (as an R-module
(1) R is Antinian

If: (12)
.

0 = m,m....mnS P

& prime
so i contains some mi

- = m ;

=> all prime ideas an maximal

(2 = 3) Suppose R not finite length
choos I mayal so R/y not finite length
Show 5 prim : S = &/

,

show s integral domain lab-o = ato orb =0

5/a
,

" finte length if ab to

s not finite length

Y
Y finite lengthfinite length

0 as eS + S + 0

=> S find length *

(3 = 4) Did last time



(4 = 1) Artinian => 0 = Tl max

-
Choose I minimal amongTI max

Jm = J for all max m
Antinian

So 52 = 5 ↓

Suppose J # 0
.

Then choos J minimal st
.
550

it to for some5 ,
so 5- (i)

(st ↳ 55 15535/

J=E => ij: i for som jet

=> ili - 1) = 0
Jm =J

<
=> it all max ideals-CSo jo is a unit (i-1 in no maximal ideas

c itcontradiction !

=> 5 = 0

=> O =
#max

-
·Artinian => Noetherian

O = m
,
me. Mn

R3 m
,

3 M
, M2T ... 3 M ,Mn =

z
each factor m .... m

.
....minis

Vis . over se R/min

R Artinian => all fields have finite dimension

Each factor has finite length so R has finite length so R is Noetherian ⑳

R = k[x
, y]/(x

, xy
,
yo

- basis (1 ,
x

,
ye

m = (x ,y R > m = m2 =0

we
R/m M/ ni

diml
dimz over By

Collary :

any
Artinian ring is a product of Artinian local rings (Chinese remainder they

0 = m
,

"
... Man M

,
,

. . .

,
Ma Max



R = P/m,

x
B

/m
,

kX ---

X

↑ ↑ /

artihiam local rings
with one prime idea

D iscret
,

Finite

Speed-aa a
Careful : converse not true

Curless R is Noetherland

[R= KExn
,

. . .]/ , ...
/ spe but not Actinian]

M

ur16: Examples of Artinian rings

Artin => product of local rings

4602 = 44 *4/34 *4/7
x

Artin local ring
Y

wrige maxdeal

Examples of Artin rings. R/m = K

length 0 : O

length 1 : k

length 2 :
12x/p(x)

=(2x3/(x2+ ax +b)

beg2

irred vable

k[x]/(x2) k()/(x- 2xx-py)
= kx1k(2/2) = 13k

Q(i) = Q(x)/(xz+,)

leathe, is i

length 3 : Kxkxk*y** 1

k(x, 7)/(x2xy,
42)

Basis ( ,
x

,7)

Length 4: R > m = m2 > m3 =0

din mi

S
Quadratic form



Length - 5, 6 : Complicated, really
hilpotent

7
R3m m" =O for some n

-> Artin rings

-> Nilpotent Lie algebras

-> finite p-groups -> # of order 2" is 49487665422

What is dim of space of Artin rings overk with dimension n
, m generators

k[X, in , . . .

, Xm]/zycodimn

Takea distinct ets in Am- km

5 : all polys vanishing on n ets
-> mn-dim space of Artin rings

m = 1 : trivial. 5 = (x-x*
+ .. + a

,)
m = 2 : true,

m = 3 : fails ! More idels of codim n then would expect

k[X
, Ye

,
X3] m = 3

M = (X
, Xn

,
Xs)

⑫
m =3

dim M:= Oli

dim (subspace of M/i) = Oli
↑ Grassmanian

codim 5 = 0(13)

mn = o(i") < Oli



R(T]
IQ K = T Artin local rings

=

(xK
↑↑

idempotents

Mid
①[M]Q[] - field Q(f,]

k@L K or >separable finite extensions

L separable : ↓
L = k[*]/f(x)) +no multiple roots in[

10/
&

k(x ,]/x) xk(), (x))
* - product of fields

Not separable : 1 : 12] 1 has char pro
:[] a not a pth power

L = 12x y.a) XPa irreducible
[x]

kQL = ((x)a)

↓() = k[b]
(60

artin local ring, not pot of field o

b: a

=/x' large # of multiple factor
hilpotent elements

k(x) * K(4) not artinian!

⑭27 : Associated Primes

Modula M
,

set of associated prims Ass(M/

M finite length
0 = Moc M

, cMzc ... c Mn = M
-

Mix / m
:

simple : R/max

Can we find analogy for F
.g.

modules?

over arbitrary rings
,

not really.
So assum R Nettarian



R = E

M = Eg.
abelian group

= Gimli
4/24
↳- prime

Can we break M into modubs of form R/
,

i prime ideal ?

0 = Moc M
,
c ...Mr = M

Mi =

/:= R/
:

prime Pi

Yes ! Assum M+O
.

Show M has submodule= M/p for is prim
Pick ideal P & R maximal among ideals such that /M
-
↑= Ann(a) aeM

we show P is prime. If not
, can find x

,yBS.
t

. xyEP
x4

look at imme - of x in M R/p > M

Ann (*) idal of R

contains P, Yexyp
so is strictly bigger than B and not R

3445 4xkB
contradicts choice of i so i prim * + 0

= R/Bz
-

M + 0 ocM, cMzCMzcMac ... = M

M
,
SM M/m

,

stopsby M Noetferian

M , =
&

/
,

contains R/Pr

B
,

prim Meinvertingin

How often does R/p occur in M-mutiplicity of P/p in M

M finite length : mult-# of times R/p occus in
any maximal chain

Additive : 0 -A + B +C 30

Mult(r/p
,
1) +Mult(

, ) : Mult(R/
,

Be
M = 1 + 4/22

Mult (4/01,
M) = 1

Mult(
,
M ?

Universal counter example: 0-Le + Let0

Multhe 00

Mult (Yor
,
Mr is well defined
= dima (MQQ)



M =" finite

MQQ =Q dim = n

dim2/e(M*e)/ doest preserve exactness

↑not additive

Mult of /e) in Mi

5 additive for (P)-101

Not additive for (1)+ 0
cor welldefined

is additio for
any p

for finite groups
-

[MultP/ is additio for modules st
.

Ass(M) has no elements strictly smallerthan R/]

M = (,y)5k2x ,3)ReMeR-0↳
...

: :: Y& Gef

0-MM
onemerto

R/(y)

D Ass(M) =
Set offine that are annihilators of elements of M

.

= ideals is prim sit
. R/p = submodule of M

Mr.g.

R Noetteria M + 0 =As(M) = 0

Informally
,

Ass(M) = P S.
t.
Pl "definitely" occurs in M

Ass(1) =(0))
Ass(404/27) = 3202213
Ass((x, y)) = 41013

0 + A + B+ +0

Ass (B) Ass(A) Ass()

Es AssB(A)uAss(
8 + E + 2 +7/2240

Ass :
Los (o) (2



Ass(A) ? Ass(2) obvious

Ass (B) Ass(A) ~Ass(c)

Suppose R/p = submodule X of B

XvA = & X1A + $
↳ X = submodul ↳ Pick a 0 in

X
,

acA
PEAss(()

Ann(a) = B + P = As(A)

Ann(x)
,

x c R/B
X + 0 ↑ integral domain

M F
. g. over R Nothin

Consequences :

(1) Ass(M) is finite

0 = Mos M
,
s .. - GM = M

Mi =

yu
.

= R/
;

" only associated prime is Di
not necessarily equal

↓ ↓
finite

Ass(M) & [P
, Pa

, ...3

·(2) 0 = Mos M
,
s .. Mr = M

Mi
+Y of form R: pri

Any element peAss (M) occurs in this chain

Laure28: Geometry of associated primes

Mis Eg .
over Northerianning R

Ass(M) = primes p sit. PlyM

Finite
0 = MoSM

,
SM 25" SM = M
-
M: +/m=/ P:

prime

M = (x, y) < R = k(x,y]

Ass(M) = (0)

Mis downfee over integra doma Re AM =o

M = (2
,

1 +5)



Speck = set of primes
Ul module over Rp

Ass (M)

Support of M supp(M) = set of primes ip
with Mp to

= set of prims containing Ann (M) & R
Ass(M) "defects" this

↓
R = 1 M = 4/2

M= M = 1422

spapi 10
lo
-(0)

Ass (M) = Supp(M) = (2)
, 1313 Supp(M) = Speelze Supp(M) = Spec

Ass(M) = Lop

&Abattefor f.g. Modules over Noethia rings
,

minimal

Supp(M) = Assu
(1) BeAss(M) = T = Ann(a)acM

=> P = Ann (M) = PEsuppIM)
(2)BeSupp(m) = Mp +0

Look at Ass(Mp) to

Pick geAss (MB) geSpec()
f : R- Ry

f : SpaRSpecRp f(g) EAss(M)
contained inI

so petq
M = k(x,+]/(y

,
x4)

(x
,y), very ·

↑

M = k(x , +]/(y)

Ass(M) = 14)



Coprimary decomposition of M + Break up
M into modules

,
each associated to one element of Ass(M)

Over I
,

A = fig.
abelian group
-unique

A = A
-
A=A: Q .. -

not unique/ En ↑ ↑

A =101/22 2-group 3-group

↓ Ass() Ass Ass

11
, 09 ju (2) (3)

4. Ifnoniabett ↑
if nonempty

Can we write M= M : M: has exactly one associated prime?

Nope : (

M = R((y2
,
xy) R(y) /xy2)

1xx2x3
,

-

1
,

x
,
x2

,
...

1
, 4

Y

⑫be of DM
.

coprimary decomposition ↑coprimary modules

Sum over Ass/M/

Baker- Noether thi : If 5 an idal of R Notariant
format world chess champion

The 5 is 1 of primary ideas M proved thi while chame↑finite Kaskerf
J sit

.

if xy S &
the x5 or y"EJ
for some n

R : every zero divisor is hilpotent Iwould be zer ina prime idea /

In 1
, primes : (0), (0

primayidals : (O)
, (p

m29 : Laske - Noether Theorem

M f.g.
Module over Northerian ring R

coprimmy #) M has 51 associated prime

x coprimar

MS



What isprimat module ? doesn't exist

(1) If JER then I is afinitel of primary ideas [

xy e5 = xJorYE5 for some neI

(2) NEM Romodules

Then N is finite 1 of primary submodules
X is called primary submodule of M if

asa&
rmeX = meX orMEXfor som n > o

rER

modulesnotiduls)
MEM

This is a property of quotient M/X =Y

ry = 0 for some o the my for some no

Yu zeo divizais
cong

(3) McM (copinga

(2) = (4) : N = 0 Primar submodule

0 = 15p
Met injective
↳ primary submodule

primary module

Coprimary :

() It most I associated prim
(2) rm = 0 = m = 0 or #M =0 (n > of

(2) => (1) Suppose no meM put B : Annim

(2) = ps M
If B prim Ann(M) ? Ann (m) &P

so met <P

So if BEASIM)
,

B=
So then is at most one associated prime.



-> othwise tak R = R/Ann(M)

(1) = (2) (Assum Ann (M) =of
Putp as lonly) associated prim of M

Contains Ann(m)
,

m +o

So just need to show P is notpotent
#(2)

Suppor a ep is not hilpotent
Then MCal] is nonzer

Xem is Oin M(a] the xa"-o for some n

M[a]=0 = ave Ann (M) =0 so or nilpotent
for sum n

M(a:]+0 = Ass(M(a]) + 0
-
prims of R[a"]

pick TeAss (Ma
R(a-Y]

Q = invose image of T in R

R + R(a"]
ul

e Te prices
-

D = union Ann(m) Annamal Ann (mas) s ..

= Ann /man) for som n

so DEAs(M) but atD
,

aQ

so B+Q so M has at least I associated primes *

Lasker- Noether thi

M &TIMp (coprimary

Port : If not true
, pick maximal submodule NS. M/N

not contacted in Clintel product of coprima ideals

May assume N =o

(1) M not coprimary
do it has I submodule

M
,

= R/p
,

M
,

=R/P,
+P

Y ↑
ann(x) = B

,

(X+0) -P
-

M , 1Mz = 0



MXM -MTM/M/ finite product ofcoprimer

- soprimo

M = /= <T)/
↳ primary

=> 5= 155

re30 : Symbolic Powers

Lasker-Noether : 5 R Northriah

5 = & primary ideals

Primary Ideals ? (O)
,

(p) = (p)
Are primayidals the same as powrs of primes? No!

Primary idels need not be (e)

R = k(x, y] B = (x , y) 5 = (3
,
x22*y,

x
*)

primary

Momonly associated prin of M

is R/ SU R/g is coping

so 5 is primary

Warning : do not confron

(1) B = (x
, 4) as coprimary module un Ass prim (o)

(2) p:,4) as prim ideal , coprimny module R/p W/ass prins $
13) A pour I

n that is not primary
R = k(x, y,z]/(xy - z)

mine
na

p
"

not primary!

R/2 : k[x, Y,5)/(x2
,
x5

,

2
, xy9

Y is 700 divisor yx= 0

Y not hilpotent 1
, y,

y?, ...
thind

2

So i not primary



sembedded prime

primary deamposition : P2= (X, (x, y,

primy for:primaryfor
P((x

,
5 ) = k27

,53/28baAss(B2)

Suppor 17 Maximal in R

Any ideal 5 with MC, 53 m" (n>,1

is pinary Ry has maxidl M/ emilpotent M 25

do(0 R

So all zero-divisors are hilpotent
So 5 is primary

Special case : Hiv primary if th is maximal

embolicPowers

P <R prim F : R-Ry
& Rp is maxima

f"(pRy (pRp)" = ynRy is primar

&"primaryeinveer of primary ideal is primary

elements Sit
. XYCB

turn it into something
primarI for some y P ↓

called nth symbolic power pin.

R = 17(xYiz)/(xy -z) p = (x , z) B2 = (x2
,
xz,)

S & (x, z)

#
p
xYCB yeB
z

(x
,
z) > (x

, y,
z) X vanishes to ordenz along y-axis

(x
,
z)"= (x

,
z2)(x, 4

,

2/22 but is not generated by products* (x
, y

,
z)2 of I elements vanishing to order I

↑ M "functions vanishing to order n along =0"



B: Nullstellensatz

llstea

Weak Nullskllensatz: (1) What are the maximal ideas of KEX, Y, .-]

obvious ones : (x-a
, yb, ...) (a,

b
,
..)ek

E k algebraically closed
,

this gives all maximal ideals.

#
k + IR R[x]3(X*1) is max idea

Strong Nullstellensate : (2) Suppor J is an ideal of KEX
, 7

,
. -1

Put V = variety of zeos

&
What is ideal J of elements vanishing on V ?

545

k(x] >5 = (x2)

V = [035 = (x) + 5

* 65 but x $5
If fre5

,
then f vanishy on V

so fe5
So 55

Strong Nullstellensate : =5 for 12 algebraically closed

- = nitradical of P/
=hilpotent elements

s
can be really hard to find

Example : Space ofhilpotent mortrices

XL)



5 <k[X.
, . . .,un] generated by weffs. of XV

zeo set of 5-hilpotent matrices

Other functions vanishing on V :

X + X2z +.. + Xan

X nilpotant=> all eigenvalues o

=> O =traur-Seigenvalues

Characteristic poly : def (x5 - x/

= X" for X nilpotent
-

So all coefs of def(x5-X) of I'ich also

vanish on V.

x =[b]
x =

Can I = = (a bc
, (a+db

,
(a+d) c

,

d+ba

? Not obvious

a +de

land/"E5 for some K
.

What is I ?
Za
?

+id? (a-1)
k = 2 ? Land? in ideal genested by

(a +d45 --

cardPE5 5 contains (and) x[b ,
<

,

and
,
a? d
↓

(a +d)(a2+ bc) -(a +d)b

det ad-be = (a +d)d - (b +d)
↑ *

trau in I

radical = land
,
adba

k (a,
b

,2,d]/a+ &
,

ad-ba

= k(a.
b
, c]/ambar NoEredivisoroutelements (



Example : X :( y
5 : ideal of k[x . ., . ..

,
Ym] generated by

Coeffs of XY-YX

V = pairs of commuting matrices

53J we actually don't know...

(weak : (working over

in = max ide of K[X,, . ..

,
Xr]

D(x, . . .,Xn]/ is fg.
extension of K and a field
z↑I'so Xi = aiink as Kalgebra

countable dim = algebraic
Xi - a ; M

as K-verturspace
If a is transcendental over I

M = (x,
- a
,

... )

·
S

a
ta for a e encountable

So is I as I is algebraically closd would be uncountable # of

lin
,

ind. elements

(in nalvary (in varse

ProofWeak=> Strong) : 5- ideal in KEx., ..., xn]

V = zeo set

f vanishs on
V wantto show fres for some m

Ex = 1 look at (5
,

1-Xof) in K24
, . . . , Xn]

↑ Rabinowitsch trick
no common roots

so not in
any max ideal by weak Nullstellensatzso it is Ko, . .

., Xn]

So

Ia
in 12940

, ..., Xn]

Put f= in K (Xo, ..., Xu

1 = a
,
b

,

+ ... + ab aick(x, ...,n ,*]
a:=m

M

f = c
,

b,+ .. . + 2x by

·



e32 : Zaniski's Lemma

Nullstellensatz
weak : maxides of KEx, ..., Xn] are (X,9, . . . ,

Xi An

strong : 55kEx.. ...,
Xn] v = zoo Set

f: o on v (= f"5

Key point : Zariski's Lemma :

Suppor field /) is fig .
as algebra over 12

then it is fig.
as a module

Proved last lea
.

for K : /

Proof idea : prefund 1 = k(x.. ....m

Generator of

aofform
of K geneti by X

, ... , X mitiga-m

algebraically ind. Algebraic over kEx, ...,
Xm]

m = 0 : done
.

So assume MTO
. Ring KEX

., ...,
Xm] has infinite # of inedible Cup to units

I infinite : X
,
-a dek

1 finite :
Copy Enalid's port Por 3

Each
Xm+, ...,

Xn is an root of nonzero polynomial
,

ceffs in KEx, ...,Xm)

Leading coefts bma ....,
but "poles" of Xmas

, ...,
In

localization
d

X
me....,

In are integ over Ky, .... Xm,
m .]

So k is finite las module) over this

Pick irreducible poly FEK(x, ...

,
Xn] = new pole

not dividing bma
, ...,

In

/
finite k[x .. ...,Xm) module

k[X, s . .

.,
Xm

,
f K

↑ 11,](,
7%8 ... Fatafx + f

+

= mo
- Ifinite over K(x, , ..., Xm] F =ca- an



Nullstellensatz

, ....maxide
- Eg.

as module/) (by Zariski

alg. closed
So it is K as K alg closed => no interesting extensions

max idea
So Xi = some a; (mod my

Gick

mu(x: a
,=,

If fiteB hom of Ag . algebres/2
thenf"(maximal idea) is maximal

[Courteexampl : f: k(x) + k(x)

F"(0) = 0 ]
f : -B

/ Fig mona
↑

contained in finite extension of fieldIs so is a field.

So f(i) is maximal

Weak Nullskelbusatz = Strong Nullstllensatz

=> Sk(x., .. .

,
Xn] Fo on V 600 Set ofSink

Look at localization K[X
, . .., Xn

,
f"]

M

setof max idels & max ideas of KEX, ..., xn]

Y (x..
a
,,., Xn a

,)
f m

~ "-to"

So I (f"] not in any max ideal of KEx , , .. .,Yn
,
f"]

So is whole ring
s 1CIF"] = 3%") KY1 ie] O

33: Integral elements

S is R-algebrar .

Ses integral over R

if suxS. - +5 = 0 GER



R = 15 = Q

5 = % (( .. + = 0 ne
a

,

bel

(a,
b) =1 au+-,

avb + ... + +by 0

=> plb som prim ,
the pla so b unit

,
meaningEt (of quotients

Properties : S integral => R(s] finite (as Rome
Generated as a module by

1
,

5
. 52 . -

,

54

(S" = i
.,

5 .. - + to

= S fini over R (as module
then all elemts of S are integral

R Noethriam :

[1
,

41
, 57

,
41

,
5
,

529
,

"

,

D , S -,5) = [1 , 5.,
5)

↓

=> si

=> S" = J+St .. -+S
+

Cayley- Hamilton thm :

Any endomorphism P
Of Fg . R-module M is integral

Proof : suppose M generated by m
, ..., Mn =not abasis!

a given by some newx
not unique !

·Ho
matrix with eoeffs in R(P)

Matrix * Adjoint = det x( ...,/

so det(10) -A
asas Oon



de is elynomial in
p ,

coeffs in R

leading celf 1 I pr
so p root of det 11%0Al

=t integrener
all elements of 5 are integral
M=S if ses

, p-endomaphism,
multiplication by

siSeS

So s is integral over R

So S finite over
R S generatio (as olgebral by finite # of integral elements

(=) dom
.

All elements of S are integral
LE) Given I finite subalgebras of 5

,
5.

,
52

Has S
,

Su genate Finte subalgebra
fig, as module

5
.

= (a
,,., amb Sz = (b

, ...,
but

5,52[[4a: b
;3)

Inkeyal nice with - x

Example :

R = 1 S = K

integral elements of I over [

=al bra
inteas

a riny

A + i+

find a poly in 1[x] with this as a roof

No thanks
. It has degree 30

.
But exists bi integrat elements

e
all elements integral over R

Normalization: if S isCclosure of R in field of quotients
S is called normalization of R



Example: normalization of []

field of quotients : Q() = (axbs)
5 Normalization contains [man5

,
n

,
met3

m + BnES

=> m - Sn ES

=> zmeS so in 2

mi? ==+

So normalization of [] is /**]

Sam for [*] d = 1/mod4

-

Exercise : find normalization of[V] Por disquarefree integer

Integral closure of integral closure - integral closum

x2 + xx + & = 0

2"+ 1 + 1 = 0

=> x is algebraic integer

S
,,.,

Sn intergal over R

5+ Sn-,
Sx .. - + S

,
5= 0

=> S integral over R

R & R [So
, .. .

,
Su..] SR[so, .. -

, Sn-
,

5)

um -

finite Finite

-
finite

Integral domain R called normal if it is integrally closed in the fieldof
quotients

Example : If R UAD
,

then R is normal

&[] not normal

[]



Lee34 : Geomety of Normalization

RES S finite over
R (as R- module

sas integral over R[s] fine
R normal in quotientfold BSK if integral elements dready in R

fi Specs -> Speck
Aspoint) is finte set

↳ quasi-finitenessI

SouRBI
R & S finite => quasiinite

Spes - SpeR
pick BE Speck

want to show f"(P) is afinite set

Ill Quotient by B
So

can assume P
=O (so R integral domain

preserves *(i)
(2) Localize at p = 10) in R 3
ReplambFedofnot,a finte dim.

v. s .
over R so is Artinian so has only

finite # of primes . So "(i) finite (and discrete

Normalization :

Sort of mild resolution of singularities

Example : R= 1[t,] 1
,
th

, th +
5

.

withsingulatt
map

↓
See is line (no singulanting

Normalize R : field of quotials 12+ R & k[t]

- integral over
R *

integral closure of R



Suppose R isafe (so integrally closed

Look at R(M] =
R &/Fre

quadratic extension

What is normalization?
-

C
'When is prog integral over R

put-g also integral

So 29 integral
,

so in R

Exaph
in

interdo
a

integral over RSo (pur
= par ek (field of quotients)

so pareR

Example : 42=xaxbx+

R =

K2x,7)/y2x axbx-

Integral closure? r = x+ ax2 + bx+

= (x - x)(x -B) = (x - f)(x -B)(x- up

&, B
,

V differt

Pixtar Integ close =
R

& integral closur -> R normal

y= (x- 4)(x-B)(x- Up

i #(4 , 04

R =
k(x ,74(...(2)

= k(+] + = ya

z= x2+ yz

) R =
k(, 4,z)/ -xy)

singular point want to show R normal



R quadratic extension of k[T] K, T[i]
↑
r

x"not divisible by squar (chark + 2/

So KEx ,7]/is ma

Serre: R normal > all singularities ofSpeeR have codim >2

and if By has dim 72 it has depth2

Resolution of sings of surface :

(1) Normalize : all singe are pointsf G
(2) Blow up all points
~

algebraic geometry

re35 : Nakayama's Lecture

Examples (motivation) :

() Dislocal ring of analytic functions near Oc maxidal m - functions vanishing at O

Amo =functions vanishing to ordern

(2) R is local ring of smooth functions near O EIR M= max idl

Mitt to Gee
(3) R =Uforma

pour
seriesa

177 = things wh constant tem C

Minto M = m "

147 = 17

x completion
Re R X is this map injective? Kernel = Miti
R(m) R(mz = R/37- ...

1[x] 1) = 17(x)/x)- ((x)/(x)
mi = (x)k[[x]]



Aim &im = 0 if 17 max
,

R Noethrian local ring

layama'sLemma : of M Eg .
module over a local ring R with maxided in

thenM = M = M=0

Prof : Suppose M generated by a ... an n minimal
-

If n1 put a ,
= Ema, (M =M/

Miet aieM3

(mi) a,Ema
unit floca ring) soacombinationof,a!
W

also works for th = Jacobson radical of R
= Mall max ideals

Corollary : If M /.g ·
over local ring R and M,,

.. .

, Mn generate M/M
then they generate M

Proof: Put N=M/<m, ..., may so NEg and N=mN

so N = o = M = ( m,. . .

, mn)

If it is not the that M has property m,
, ..., Mn generate M/M

then m
, ...,

m
, generate M

R =(m) M = Q m
=12)

MGM =0
not fe

Application :

suppose R & S rings
, sintegral over R.

Then Speas-SpuR is out.

Profi pick BeSpeR

1) Localize at p : invent all dants of (2) not in D .



Then B maximal

(2) Check psts . If true
,

1EPis: P:
CP

SitS

M = subalgebra/R generated by S:.

Then 1PM so pM=M

M Fig . as R-module ble S integral over
RJ NakayamaM=o

#

Q

So pStS , pick manidl of S containing image of

The OnR =D DeSpar image of QesqS => map is outo !

36: Artin-Rees Lemma

11 = 0

filtrations of modules :

Decreasing filtration :

M = Mo?M
,
PMz3 ...

Typical example : Mr=Midal of R
↑

->adic filtration

M = R = < 5 : (p) pprime

Mn = pr
p-adic filtration

filtration -> topology

&Mm3 = bass of ablids of 0 in M

x+ MnXeM

SuppraMEN5adic toa
Inf

same I
topology?- M15"N R = 2 M + 2 N = Q5= (2)

2-aditopology on 12-adic topology on Q
No j -hausdorpf + indiscre :

open sets o
,

Q



R = 1 N = 1 M = 41 5 = (2)

N-5N35N3 ...

13213413 .

M15N41342-
,

417
,

843162 - 2

7

I
5M 44384514 = 322 - A different filtrations

,sometopologe int shifted

A filtration [Mm3 ofM is called stable if

IMn-Mny,

and evauglity holds

forIN some N

Example : Mn = -M is stable.

Any two stable filtrations give same topology

MoFM,M2T...PMC Mis

M = 5M =5 Mz ...

If nTNMnx = IMn

Maxi = 5 Mn I"M
-

notion of 'shifted'filtration from above

AtRees Lemma

Supper MEN two Eg . modules over a Northerian ring R

With ideal 5 .
Then :

↳to anyStableabionNeststablAlain
n

a
estep : A Altration M

.
CM, s

- with IMS Mea

istabFMOMOS
do 0 1 2 3

#MnD5M05Mn0 ...

"
take fin

.
Set ofgenerators her /Stable => fig.



⑰Rees proof: Suppor NoTN
,

? .. - is stable

=> NON
, o Nz... blowup algebra

is fg.
over RO5 #50..Nutterian (fg. algebra over R

Mn-NuN => MOM,M
,
0 .- . F. g . module

=> MoFM, PMzs ... is stable

Application: suppose R is Nothian local ring with max ideal 177.

Theno

roof : 5 : Im Muns =J for all n

So M-adic topology on R restricted to J is indiscrete

- is E
.g . Module (R-noethran

So Artin Rees => MT-adir topology on J is indicate

=> M15 =5

=>T= 0 by Nakayama
Mi"= o

37: Blowup algebras

Blowup algebras
filtration: Ro R

, Re Rs.

RiRj Rixj

Decreasing : R & R
, PRE--

Example : Rn = 51

Increasing : Ro < R
,
<R2S - - -

Exampl: R
, spurned by products of at most i elements talm

from set [a;,...,ak)

Blowup Algebrai Completion:-

RjPR ,
3 ...

En = 5 "(usually ↑GradeAR-yBy* By +Byx ...

Bloump Algebrai R local ring 5 : maxide it

used in pf of
BOR , ORD ... R = (a + b7

,
c ...

dog 0 1 z

Artin-Rees ↳ Graded
R/m + 1)0m2/772877/73 R = x(x) R = R(b/)xR

&(3)
WSU varieties

. Blowup of Valong W k[x]-kxybe
Ri 5 = (x)~

Roughy : Suppor W
,

V smooth. Replace each k([x]]

Pt. of W by projection of normal bundle Grades ring : 1/24/**241)0 ... .(4)



Extended Rees algbier:

ROROROROJAQ5Q. - .

dog
-3 - 0 1 23

t· k(+] + E. R
.
A.

R = coordinat ring of V Graded algebra of Ris

5 : st R/ cordinate ring of W deformation of R

R = RAID5Q ... graded ring

Blowup of V along W = Proj()

TRSR
+c) ICR ,

↓

(1) Blomp Algebra R, R, Q RQ ...

Example : R = k[X,Y](RusSpanned
by Monomial of dona

(2) Graded Algebra R
.
R

,
SRz S -

RORyR,
Turn noncommutative sings into commutative one

Example : R = ring of differential speating over 1 (char of

Generated ce 1-algebra by X1
. ..., Xn,... d
Dr

Dixj = X
,

D
:

if its

Dixi = Xi Di + 1
=
> Leibniz rul

(ig) = xiG(y) + 9

Ri : Spar sparmemeetsbe at most i generos of X, , ,
ab-bat RixIf acRi , beRjabRisord b inductionA

Ro RyR ... is commutativea

↓
polynomial algebra on,, , . . .,In



Application : ring ofdiff operators has no zero divisors

a
,

be ring of diff ops

highest part ab I graded ring
if a,b to the a

,

b + 0

- a5to kex, . . .,
Bu] no zer divisors

Top degree part of ab-(top degree put of al
↑ x)" 111b)

=>0

38: Survey of Module properties

fitness conditions :

ReReM Coherent

↓ I

finitelsented⑫Equivalent over find
Noethrian Ring geneland

Modulecheat sheet
n times

-

free : M = RROR
Sam over local

rings or P
.

J
. D.

↓
stably free : MDR" free In finite

Locally free /Zariski M[Fi] free

↓
.g.

(f,, ...,fn) = RI modules I ↓

Same fore Projective M
finitely presented ↓p.

AsBe

nice Stalks locally free My free,espect

life



↓ /
↓ exammon( OAeB = OMAMOB

commit mustthefee

her59 : Stably free modules

lover RP

Mstably free if MOR" isfee (M finite

Example: Stably free but not free :

Tangent space of sphere S

Yo
R = continuous functions on 52O M= continues vector fields
N

⑳ module under pointwis mut

canonic isomorphism

Check : M stably fee MOR = R?

↑ "T

tangentbundle normal bundea

Algebraically: R = R(X, Y,
]/(x+42+ 22- 19

Il

polynomial on 92

M = (a
,

b
, 2) ab,

ceR

with a xtby + cz = 0

C R3
d = aa +byxz

R= MOR

14,b
,4

bind,d
M not free : hairy ball theorem -T Any continuousretor field on ge

-> vanishes at some point.&

So target bundle not per bundle.

So M not free modul over R



Sh+
eR"

As before
,

Mmoduk over R

MoR = R"

When is M free? n = 1
,
2

,
4

,
8

50 g 193 ,
&nonassociatio multiplication

groups with iverses

IR H
& octonions

Tangent Spee is free

J
.
F

.
Adams : No other n workHard proof using 1-thory

↳ had case no zm

Serve'sConjecture : Quillen
,

Suslin

Anyfe projective models over KEx...... Xn] free?

Easy to show it is stably free

Finite free resolution :

Off ...e Eat f, ? + 0

113

Orp.... - Pop
,
79

,
08 Peo

P(101)0(910 ... = (109)0(109/0 ..

Init
So Po stably free

Serve's Conjecture #) Every stubly free module over KEX.. ...,
Xn] is free

MOR = R" = M = Rm- ?

If,
, ..., ful fieR

F,
...,

Im generate unit ideal in R

= R*E (f
. . ...,

ful can be extended to an

invertible matrix in Mm(RA

Stably free modules of rank 0.

mosome
MONER M

,
N

,

idls



The MN = 0 (direct sum)

Then M
,

N not the if MorN +O

So if MPRER
,

the M =

If MOR" = R
"

tak nth exterapours 1"
↑(B)

= 1A1A1(B)0 ...

·-MORRER = MOR"O M-o

Stably free rank 1 :

MOR" = R"*

take no exterior powers

im...RER =MER

Add R" to both side

*MOR"= R
m

vanish ↑ v
equd by assumption

⑫im10 : The Eilenberg-Mazur swindle

1 = 0

1 - 1 +1 + + 1 ---

= (1 -y + 4 - y + y - H ... = 0

N
000

- I t f
Problem :

so sums not well defined

If AtB = 0 do sums well-defined and
I

behave well
,

then A = B =o

Ax + A)+B-A+B



Knots :

⑳
two knots

Sum is commutative :

---

-
& sums defined: (for continuous knots

(not smooth

---

2

---
0

t
Problem : M Stably free MaR" free fora finte whaif infante?

MOR" free In anything
> M projective

III M + Ifra)-(free) => M projective
(2) M projective => M + I feel =free

↓

MGN free som N

⑭ fro

·a = MG free



Stably free of infiniterank are free

MOR" = RS
R

&

- MOR"

RR- MOR" min finite
Wat

ROORM- MOR
M

onofsplits :

pm- XoR"

xstably free

M = RX

⑭DR]mole

=XQ(REX/GRO = XOR= M

here4 : Locally free modules

~ Vector bundles

Vector bundle : V-X

fibers verfor spare

Localy : R"xU:+ U :
U: openX

Typical example :

TX + X R continuous functions on
X

Toget space M sections of V

Analog for rings :

R : Sear (x)

Spee coured by open sats

Ui = SpR(f:]
(f

, ...,
fr) =R

M locally free

MCFi"] free over RCf"]



Stably free => locally free

Infre projective
↓

locally free

locally free=> Stably free ? No!

Boring reason :

X= X
,

uXz

① IR"xX
RX, R2* Xe *

SpecR dinted

R = 4/64 = 424 +
*/34

Spee: him
"2/32

locally (but not stably)free

Interesting reason :

M may
be twisted

Example: Moebius bans

"restor bunde

⑪
↓ Fibers R

i s
locally from

aleviates issu↑
Not stably free : go around S' : reverse orientation ofFiber

MOMEIR" xs'



Example : M = (2
,

1 +)

R =[]

↑
notufd

.

G = 24 =(-)

M non-principal , so not free as module (not generally tru, but true for this ring

Mlocally free:

(1) Cover SpaR by open sets

SpeeR[E] vSeuR[5] = SpeaR
(2) M[i] free over R[E] obvious ZEM

"M(z]

M[i] free over R[s]

↑ earated by l2
free

MOMFRQR

a = 201 E MOM

b = (t-02 = MOM

3a - (1-(b = 00(l+-)
(a-2 = 002/t RoRMOM

OOMM
100 te a

=> a
,

b generate MOM 00149 3

Lecture 12 : Projective Modules

ErectivModules us. Loudly free Module

↳ verfor bundle

-
... R covered of open SpuR[fi]

MCFi] free over R(f:]
A - Beo

If
, ...,

fu) = R

Basic properties :

(1) free modules are projective
(2) If P =XOY projective, X

,
Y also projective

(3) Any # of projective modules is projective



Projective => locally free (rector bundles

Yes (com. alg. No Calg . grometer
(diff. geof (complex analytic goo.

Why is there a difference?

H (Hum (A,
B)exteHo
j Vanishs for all B

vanishes if A locally from

if this vanishe
,

1 A projective for locally projective
locally free- > projective

H'(m) = 0 ?

&S Yes commutative rings
,

smooth manifolds
"partitions of unity"

Ringthorycase: locally free => projective

Does projective => locally free?

Yes
,

for f. g.
modules

&S no in general

F.g. projectiv module M

=> finitely presented
=> stalks are free

↳Mp over Ry 14 prime

Ap.

module + stalks free
=> locally free

A projective module that is not locally free:

R = functions from o set X to 4/22
komplete booken algebra

= (4)sont matter if countableor not

M = 5 = functions of finte support

5 : (1
,
0

,

1
,

0
,

1
,

0
,

0
,

0
,

0
,

0
,
0

J is projectiv



5 = 05x
5 order 2 functionsof

support xeX

5 projective : R = 5x (functions u support disjoint from /

⑦ projectives is projecte -> 5 projective

Show I not locally free:

5(f"] our R[F] feR

product of copies of /22

f finit support : 5[F] = R(F"] Pres

f infinite support : Iff'] not free

So cover SpeR by finite number of See Rf"] F has finite support
But if Fi... In have finite support, If, ...,

ful #R

for vector bundles over smouth manifold

& finite dim vector bundles is verfor bundle

↑possibly infinite

Analog for rinds isuse

# locally free modules (fint rank) needt be free

not locally free
↓

Example R
# Ex + locally free

↳cure
&b : Stalkwise locally free moa

↓

projectin S same for fp. modules

↓

Stalkwise locally free



Example : R : 2

M = 25 16 square)
BESperD
My = <P

All stalks of M or 1 dim free

M not projective

M invertible locally free of rank "
↑ can't replace of stalkwise

M not fig.

R = functions X to 7/22
5 = functions oftte support
5 : projective not locally free

M = R/ : Stalkwise locally free
,

not projective
fig .

(Genested by I element
notfip . (requires 5 also fig.

Stalks free : Ri = Lk2
Rboolean : X = x for all X

boolean xloca => /24

=> all modules over R have all stalks free

Not projective: 0 + 5 eReMto
iT.

.. ..,

R=M
= split

·a mipg.

finitely presented + stalkwise locally free => projective

otkefeteo A flat

F free
(1) knf5 = k5 5 ideal

0705 e A0530

·eief5 + 55 + 0

12) Stuck
,

find fited fixing u

u = Erifi If basis off) 5 : Crist, ...



n(kn+5 = 45

u = Ekir (som Ki) fifi) := ri

13) If U
, ...,

Unel
,

can find Fel fixing U
:

follows from 120 by induction

(4) If K is fig
.,

A is projective
&okefree to splits - A projecte

ret: Plat Modules

OTAMB exact

=> OeMAMB Emflat

M flat) My flat over Rp for all espull
Stalkwise locally free moduly

=>Mat Istalks free -> Flate

free - stablyfreee locally from e projective
↓

⑭ Stalkner from

~must unful
- easy to cheek

Moreexamples
:

anycalization Rp isa

projective shares = rant

flat sheaves = common

Not flat:/24 Cover R: </ 0-2-19420 quotients offlat model

↑ult notat not tat
0 + (x , y) - k[x,y) - -0

+
not flat flat

O-AeBectO exact

B, C flat A fat

A, flat B flat

A
,

B fathimly fat
fig enough

, proof more complicated land we care mostly about Noethrianrings
m ↑

Suppose M Finish presented module over mining R

TAG : UI M free

(2) M projectiv>(3) M flat
(a) 0-A-B +M +0 exact => 04 mem exactly For

,
(, R) = O



Pef(4) = (1)

Choos F: R"-M isomorphism
(r()-(/)

We want to show this is an isomorphism

Checkf auto
R" +M +N- 0

(1) N fg . by Misty Nakyama : N= 0

(2) N = mN
So f is onto

0 - keR"-Me

F
.g .

Kernel (b/c M is fp.

① with R/MT MMs0
o + Kinke (Byt exact (bl of (4) : Tor

,
(An

,
M) = of

so "Yel =

03 Nakayara : Ko
K is fig.

so R** M = Misfree

Colay : If M fp. module over any ring R,

theMoralea
e

Y

sMat S analogs oferbundles

(3) = (2) : (Stalkris/Not => Stalkwis free

(2) = (1) : Earlier

(1) = (0) : trust

E: Torsion-free modules

free - stably free e locally free e projective e Stalkwise free -Out- torsion-freecoprimas



Integral domant : M torsion free if
xm =o Xo ormo

General ring : ifxmo
= mo or x is zo dinina

I don't really camp

flat => torsion free : x not eco divis -> OTR * R + RRTO exact

MAGt : -MeM exact

so x notzoo divison on M = M torsion free,
Torsion free but not flat:

Cover P.
J.

1)
., torsionFrom flat)

Mflat) MD5 IM forall id 5 5= (x, y) < k[x
,
y] = B

M 5 torsion free but not flat
.for any

R
Tor

,
(5,

1) to (will define later

0 R: 0959k[x, y]

①5 IQ5-5 not exact

Exampleuf R local : R= k[X, 73] 5= (x ,4

Torsion-freeCopin
S

!
only one

asuciaatena moncoll

coprimary # torsionfree

M= 2/2* R = 2

(2) absociated prem

↓omological Algebra1or for Abelian groups

Tor(A, By

Lech : Manifold M has homology groups HilM, 20
Problem : Express HilM

,
G Hi(M, G

interms of Hi (M
, I

what is this?

· Hi(m,)GHim
,
Gno

(splits non-canonically



O-A+ B + (20 exact
,

abelian groups

M AOMeBOM-come o exart
↑

not infective /0-e*-4/22of
4 *121 +*/2+0

not injective

· Tor/AM) ToB,Mr M+ AQM-BOM-COM to exact!

injectiv over
- fixes injativity

Jet Tor (A,
B) :

Choose free resolution of A

0 + 1250

①B Cytor(ABeB-B-Ae
*

not injectiv in gara

(1) Where does def comfor?

(2) seems to depend on resolution of A ?

13) Why is it called for ?

14) How do we compute?

(1) Alabraic topology :

Manifold M XX
triangulate it #I

Chain complex :

↳
Ci bisis of idim simplices

Hi(M) = homology of complex
= (ker Cir(i)/Emaecif

Hilm
, 6) : + (

,
06 + 2

,
06+ 606 +...

-> homology ofthisM
so for~ homology

12 M can have I diff triangulations
do we get the same homology groups

Easier : MEN
T

do these india save map from homologis of M to N



s f
, g indua sam map on

homology if
theorhomtopic

Da +Dz + D, Do
sd - 2 = f- g

13) Why called "Yor" ?

Tor (A
,
B) for Fig.

Abelian groups

depends only on torsion subgroups of A and B

* elements of finite order

(4) Compute Tor (A
,
B) A

,

B F
. g. abelian groups

relation to- Tor (AB
,
2) = Tor (A

,2)Tor (B, c
tensorproducts Tor(A

,
BAC) Tor(A

,
B)Tor (A

,
c)

So just need to compute Tor(A,
B) for A

,
B cyclic

Tor( ,
6 :

OfOn
#G 006 + 206

Otorle,

do y "
* Kerrel (S

#, 4) = 0

Tor (t
,

6) o+eto
xn

②G 201 + 2061(4/4/06-0

· >too 142
,
6) - "u"

elements"of order n in G

Tor (42,m2) = 4m
,
n)

gad
Tor(4/2

,
4) = o

Tor (A
,
B) depends only on torsion of A,

-
natural isomorphism

Note : Tor/A
, B) = Tor (B

,
Al for A,B finite

,
Tor/A

,B)AB

Im
in general ,

but not obvious BAD ! Not
a natural isomorphism

- depuls on choice of generates of A
,

B



O TTotA,
B) - 13m- BY

(2) Tor(A,
B) is a funcor in A

,
B

BeC Ton(a,
By + Ton(A, g

(3) Tor(A,
B) TorLB

,
Al

14) Long exact
sequenceOTA-B-co

& - ToCA
,
M) +Tor(B

,
M)-tor(,M) + AQMeBOM-COMO

Well defined:·· Y①B 0 + tor/BPB" - B" - A
7t ↓ ↓

0- Tor'A
, B - Be B-A

-
, 9 homotopic

- d = f -gd(f- g) = 0 f -

g = 5d +ds

-> fig = sdd(f-g) =(f-g)d = dsd

0- Tom(A
,
B) + B*

-B

in hand= dg ↑&g ffdg

0 - tor' (A, B) + Ba-> BV

f-g = sd

f.g save on leat of d

We get well-defined map Tor(A
,B) Tor'/A,

B
Composition is identity

=> Tor(A
, B) = Tor' (A

,
By

↑ canonical

isomorphism

Tor is a fundor in A
,

B

B - C ↓ ↓
M



Tor (A ,B) = Tor(B ,
Al

Oem-Aeo On LeBro
⑧

& I TorLB, Af

- ↓·
v ↑

· Ab
↓

O 4 &

So we getam Tor (A
,
B)TorlB

,
A

isomorphism

Long exact sequence : 0eA-BeCO

①M :

0+m + 2"+ M +0

O

o q ↓ start

07

&
Snake

map·nexto -well defined !

d ↓ yep !

O O O

find Tor(8
,
/2)

+(Q ,Alo
Q is flat - preve terrorproducts0 eme-Aso

· e QMreAr0
&

Tor

01x + Q+ Q/2- 0

&A TorlA, Q) eTor (A,e) + 20110QA
Il Il

O <TorLA
,
Q) - A + 00A

Tor(A
,Q/) = Ker(AeQQA)= torsion of A

A = Q/ +torim is /2



gicaAbrah
:

Toour is Remodels

Def:

- ReReR*&R
*

-Ato exact

or eB" + B -B"1Br-0

KerlBB-
(4) H /m(B*~Bri)

= Tor
!
Pla

,
Be

Questions : 11well defined?

(2) functor?

(3) Symmetric ?

(4) Long exact sequenc O + A+ Beco

-- Torme Tor
,

(AM) TorB
,
M/Tor

,
K, - AoMyBoMe Come o

Examples :

1) serve's definition ofintersection multiplicitiesute

-
length (S"Tor(R/ ,R/)

R = local ring
5

,
5 ideas

2) Homology of a group G
&[G]

Hi(G
, M) = Tori(,

M
3) Homology of lie algebra A

Hi(A
,
M =Torr,M

4) Hochschild :

universal enveloping algebra ofA

HH(,
M) = To**

/A
,

My

Calcutations :

(1) R = k[x)/(x2) Baan 1
,

X

M = k = R(() Tom k, k

..... - R- R- R - k + 0

①k
11xltex It shows no finite

X resolution !
kee

H 1k4k Tor
,
(1, 1) = k for all ino

tory Foi for
,

Toro 1k,
10



(2)(= k[x, +]

Koo : #/(x
, 4) Kap =*/x2

,
7-b

Resolution of Koo

↳commen
OTR- ROBERT)10

koo Im(2,(1 , 0) Hx

Co , 1) it Y
d

0 + kik+ + 0

kHeot

o - R+ R+ R + 1- 0

intex
10 , 1)my

① Ka
k- 1k Exact

1 to (1 ,0

(1 , 0) + 0

(0,
1)t

He i 00 0

Tor: (Koo
, Kol = O for all i

k[x, 7 , z] -> nunzo Tor
,

(3) H
:(4

,
2) group homology

= Tor[/)(*/
,
2)

Group ring : basis 1
, 9, 92, ..., gh, g :/

Resolution of I

...

- [(0)- (a) + ((6] - [(0) + 1 + 0

119 /rekg+g; 1 - 9 11

↑ M Kernel :

Konal gauched Komal gold gerecked by
by 1 - g by (+g + g3 ... +y 1 -

g

①
111 -g =0

...=- Teo
O

# :0 O 2 &

a ↑ ↑

He Ha He Hi Hol,/



~tomological Algebra & : Properties of For over Rings

Tor(A ,
B) Bring

Check basic properties :

11) Well defined

(2) functorial

(3) symmetry
(4) Long exact sequence

Defour R = D :
0 +

*eX"+ A-0

& B o B2- B- 0

Hx Tor(A
,
B) AQB

... R-RR"-R
*

-Aso

①Bi + B- photo

He Tor? (A
,
B

(1) Well defined : ...RRROso

did...A
i) we can find a morphism of these complexes

Torste To As a

wat
see

itO
17 19 f-g = sa + de

5 ishmotopy from f to
g

fg homotopic - induce same map on homology
·-

Es. E-

Id addd dd
- + y - - - - 1

Hn= f-

g = Sa+ds

f(x) - g(x)= 0

* B

↳BefBefore --- f
,
gindmsammap from

Tor (A,
B) to Tor'lA

,
B

GBe G,Be GoBe - -



Tor (A
,B) Tor(A

,
B

f ↑ composition is rb 9
r

=> Bomorphism

(2)
,
(2) : Symmetry : Tor (A

,
B

resolutions resolution ofa

① B

...eff, - fotAto exact

Fi
,

Gi Tren

... G - G
,
7 6

,
+B-0 exat

Tensor two resolutions :

⑧

↓

& o
↓ H = Torn (A

,
B

· -exact

↑ resolution of B

↓ ↓

↓ ↓ ↓

↑ 0
↑ ↓ ↓

O-> Of⑭Tod 110610 exact

combiguities resolved

when yourtake image⑳Be B not exact
↓

o O

H-Torz(B) ↑ ↑
using resolution ofA excut exact

14: Long exact sequence : -As Be-0 ①M

Tor(*, M)

if Choose compatible resolutions of A
,

B,

0 + - + - 0 + 0
↓ d d

· Prec

00 + 0
+ o - 0

rows
,

colors exact

↓ d d

0 + -ve - 0

↓ ↓

0 + 1 + B + C - 0

①M
,

throw away
bottom now



0 . - - + 0 - 0

↓ ↓ ↓

On rows still exant,
Ha

columns at exact
0 +. -> 0 + 0-0

↓ ↓d Ha = Tor(
,
M)

0 - - 0 -07 O
↓ ↓ d
ou o

Tori(A,M)TorB York,s
&

· = He - I
ToHim...

" -Xexat

E
-a m

⑮
a -o - a

logicalAlgebra S: Ext/A ,B

Ext(A
, B)

↑ M
Modules over R

AQRB - TorA,
B

Hump(1,
b) + Extie(A,Be

(1) Right exact functor F(A)

if O-A + B + (e0 exact then

FATMora fla)eFiBlef(ce exart

Definederivedfunctors Lif (A)

11) Take resolution of A -R R
**
+A + 0

(2) Apply # ... - f(r)+ f(r)ef(r)to not exat

(3) Take mology L
,
F(A) ↳ F(A)

19 Lot =f (by right exactress

(2) L; well defined

13) functorial

Hexasem-free modules Rh

can use projective modules

P+ P
,
+ P

,
+1 + 0



......
5

B + + 0 ...
Injective module : B = C = 0

submodule ofB

Left exact functor :

ifo + A + B- Ce0 exact

the 0-f(A)-flB+ f() exact

Example : Fix X
.

Then HA) : =

Homp(X,
A) is left exact

O - Hom(X
,A)+ Hom(X,B)- Hom(X, ,

021+ 2 - 7 +0

X :4 0 -Home·) + Hom/ **,#) -> Hom 144
,12/

! ! Il

4/[

Defin right dained Funder RIFIA) :

(1) Take injectiv resolution of A
&

of A 950+ 5
,
+527 ...

(2) Apply F : 0 + +(5) ef(5,- -

(3) Tal homology Ha = RIFIA)

Properties:
11) well-defined

(2) Rof = F

(3) functoria

(f) Long exact sequence

F(A) : = Hom(X ,
A) Rif(a)-Ext

,
Af

Examples :

R = 1 Injective modules are dusible ous (True over any
P

.
J

.

D.
Exta,) In sol

Injective resolution of I : injenture

Y ↓

0 + 22a- /+0

Hom(&, *) + O - Hom(, Q) -> Hom (4t,/)t0
Ha +

(nf0) /0 + 4/2 + 8

It

Ext(4/e
,
2) Exte,

=> Hom (4/nt
,
L

Ext(1, 4) 0 + 2 + Q - Q/+ 0

Hom(2,*)0- Q + /+ 0

H,
I O

* Ext +[2
,
4)+(2

,
49



Ext(2,/2) 04 me-QQ-0

Hom)/1,
*/ 0 - Inezent +0

H *minm
Eat(2

,
44/m2)st2

,

*/me

Why isEx called Ext

Short for extensions same ifisomorphic
Ext'(c

, A) classifies entries OtB
01A1B's30

09SeBe- 0

-Hum (2
,1) Hom(B) Hom(,

c) Text'(2
,
A) z ...

N &

5d - X

XeExt (c
, Af image

Extension !

·0e 350 + 5
, +5 +...

Hom (2
,
50/ + Hom/

,
5

.) ~ Hom(2 ,52

A = 2 = 1/24
Ext'(c

,
A) = 4/24

now
split

Go 04 -42424 +20
I

0 The + 7127712t0

split
Tor (AB) =Tor/B

,
Al

Ext(A, B) F Ext (B
,
A) in gened

Hom (2, A) contravariant in C

Creverses arrous

0 + A + B + (10

Hom(A,M = Hum/BM= Hom (2, M) =0
Y
not onto

Ext" (C
,
A) by using a projective resolution of L

&

Result sam as using injective resolution ofA



Example of Ext + 0 (i> 19

R= k(x)/(x2) Ext"(c ,
Al

A = c = k = /(x)

Projective resolution of C : RRieRekeo

Hom(x ,
A) = Hom(R,

k) = Hom (R, k)-

= kkk
H k l k

Ext"(k
, 1) = K for all 12,o

gicalAlgebra 6: Injective Modules

Module injectiv if -A-B

...
Derived functors : (1) Take injective/projective resolution I

can wo find this?
(2) Apply functor -

(3) Take He

Given M
,

can we find

(1) Projective Auto M 3 X easy : free modules are projectiv

(2) Ming injective ? " tricky

OtMe5...-5125zJoya ↓

Yim 50

Look at R =

Q : What are injectiv modules ?

A : injective = divisible (over P
.
J

.1)
.

↳ if aeM and ne Into

the asbu for some beM

Injection => divisible :

·Tbon

Divisible -> injection :

nb

O -> A- B (n)- ideal of integers x
with

XbeA

extens to hom from (A
,
b) t keep creating f al /Zonslemis



I has enough injective
Ms some injective

&/ divisible
,

so injective
Given M

,
MM can map mie

*
c Q

Extend to map M- 0%2
m - non zero

M-T
product ofinjectives is injective (easy

Injectives over Northeria rings reasonably easy

I-module

Injective over R:

Hom (M , Home (R,5) HomeM,
R-module

Horny (R
,5) injective R-module If I is injective -module

(conside asmodule (considered as I-modules

01As5 0 + A + B

↓ .. ↓:
Hom / , 5) / 5

↑ injective

=> lots of injective R-modules

Any module is contained in a"smallest"injective module &any otherinfective model

Carls for freeportatio:/
zmapsi

A < B called essential extension of A

if any nonzo submodule of B has

nonzer interaction withA (can't make any smaller

0-1-5 calledinjective envelope if

⑮is injectiv
W

Minimal (2) A <I is essential extension
injective module



Over 1 :

easy

Pick OtM + 5 5 injective

Pick Emaximal 55 EnMtO For
0 + M + 5/

is essential extension ofM

5) is injection as it is divisible
,

over & divisible=> injective

Examples:CQ union
422344/24245464745 -..

Lamma: If I has propity :

Every essential extension EST is trivial (5 =51
The 5 is injective.

0 + 5-M

pick max submodule E of M

with En5 = 101 (Zornt

0 + 5+ M/E
If this is proper (5 + M/c

Then E not max
. So =M

M =JE

So any extension of 5 splits => - Injective

Choos & -M +5
,
I Injectin

Pick ECI to be
ma essential extension of M /Zorn

0 + M + E + 5

Want to show : E injective

Suppor ESE' is essential

0 +m + t+ 5

&existb injecte

1) kerffol as E is ma essential extension

(2)krfnE = 0 as [45

So ESE isnot essential
So E injective envelope .



Injectiv Envelopes uniqu up to = :

u 5
,

5 injective
↓ f

MSI
, McJ essential

(1) Can find f: 5e5 15 injective

12) finjectio as Kerf ~M = o (M551 essential
(3) 555 30 5 : 50E /5 is injectivel
(4) E = 0 (MS J is essential

So f is an somorphism

warning

:M&Gr isomorphicmulcanonically

11
↑ automorphism

nontrivial automorphisms which act trivially on M

(canonical
0 +M + 50 +5, ... minimal injectiv resolution

↓ d d
0 + M + 5, + 5

, + ...

mto : Limits and colimits of modules

Category 2 - objects + Morphisms
functor F: -Modules over a ring R-MOD

·
X

6S
·

↳
protect

·



M, xMz xMzx --

Cintets i In En ...

If
M, M2M, Q ...

Categoris w/ Morphisms :

↑ submodule of product
,

all elements st
. all butfine of entries are zero

2 = - M,M+M = MTm(m))
-

Colimit~ quotient /"
cokernel

↳ if M,
submodule of M2

N - M,M
"

Kerf
O

Limit is keend of morphism

More complicated :

N

C-...

M
.
-M

,
<M

,
-M

,
- ...

SupporMi
colimit? M = UM,-

mor complicated if
maps not inclusionLimit?= Mo

↳ + 2 = 17 ...

/
M = 0

2- MoMM
↓ We ↓ Y

projectiv limit

Colimit M = o M = (MoxM ,
xMax---) Take elemets (Mo

,
m
, .

limit? (Direct limit- St
.

mihasimage m; when (init

R( = R(zz + R/3z ... (construction of p-adirs)



Clintdirn b gemtdina

m
., ma

,
ms

,
../( my = 2(Mg)

Serialcase sia car of limt fr directedoa
can find

,

"
with

↳ categoryu1 morphism bla a

Carcib/or cncb/g)
<0

->
0 7

↓

Projective limit: 7 a + o + o X ...

·

turn
post intowagi

a

filtest category : Given 0
,b111oc can find cry maps

ab to

can Find c ,
h22) gen afa

poset filford = poset directed

Example : direct suns not filet colimits

coluats not filled

·
.
·7 o

Localization of ringtat multiplication subset

R(5] is a cited,
colimit

u
, +,

seS
&

s closed und multiplication

RE]
-

Ri
↳

s+
+xm()

R(x+)

+ = 5 . 5
,

Example : Q is filtered colimit

LL1 +...

Y
⑭



usingexample (warning) :

7[* [*.
M Y + Xx

= not
a

subcategory ofmoduledifferent 2[ =]

colimits ->** It's a factor from over

* im 1 = im z
· of -"to

= = O

0 + A ; +Bi - C

O -> limA
: -> lime Bi - linc

, to exact ? Sometimes...

m47: Colimits and Exactness

0 - A
;
+ B

:
+ C

: +0 exart its

O -CimAeCimB ext

Preserves right exactness.

Method 1: colim is left adjoint to diagonal functor:

diagonal fructor:

Modules - (Je Modules 5:-o

M - M = M

Colim - A & B

Left adjoints always right exact

Method 2: "Colimits commute with colimits"

0 +As(e+ 0

c = colimA
colimit ofa quotient - quotient of colimits



"Fubini's theore
"⑳ (() f(x, 7)2x)dy

X
· If a, y/dy)2x

·E·
↑colimt of

= 1ff(x, y) dandy
Colint of

Colimit functor Elim is right exact

So it has
a derived functor colim,

/not really used...
T

= a colimit of injective maps injectiv ? (is colim /leftexact
Nope :

impclient↓noting
.

L colim = 4**I7
x2[

↓ not submodule

A Colin = Q

A colimit over or fited category does preserve exactness!

end colim ofmodules M: is (disjoint union of M
./Mi= Ms if miharsame

as

mieM
: micM;

key point : = is an equivale relation
-was fact thatJ is filtered

Mi =mja

mismimi = mi

MiM ,
e

form abor failso
Share

same
imageFr now filtered categories

#led colimit of injectiv maps is injective :

MicN; ieT

colim MiColin Ni ?

m :
EM : image O in Colim N

,

m ;
+ n ; so mj =o as map MjeN; injectiv

↓d
m

,
to in N;

so miso in colimm; Colim
,

vanishe if I filtered



Warning : We can do the same for limits instead of colim

in always left exact
...

but needsnot be right exact
,

even if category is filtered

lim' need not vanish if J is filtered.
[

Colimits of flat modules : a filtered colim of flat modules is flat.

Cunfilted need not be flat

Any module is colim of flat models

R
*

-R
*

- M +o
resolution by free mudds

↳Hate

M = colim RR
*

Suppose M = colimM:
(Mi flat

Filter

0 + A + B+ +0 exat

OTAQM: -BoMi-Com, to exact 1bk M: flat
O-ClimAQM;

+ ColimBoMi - Clim COM: -0 exact (colim press exactress
M

Filtered

O1AQColimM: +BeclimM:
+CoClim M: 10 exat (@ commutes up colim/

So Colim Mi is lat

Converse : any fat module is filted colim of fg. free modules

Lazd'sthm

Lerma15: limits and exactness

01A
,
+ Bi +C 10

exacties

& - limA
:
climB

,
climC

:
to exact ?

11) Lim functor isIn exact pot: sam as proof that Colim is right exact.

Lim has derived functor Lim ! if lim'Ail = 0
,

limBitling to exact

lim" can be really wind...



(2) colim need not be left exact him need not be right exact:

i[i d

01+1 + 1270
0 + 1 + 1 + 4/22 +0

S
xdxdx3d

lim : One
notx

lim over "cofind" medmbe exact

colim over filled is exact

Example: completion of
a module M

n = lim (M(j = M( +M+
... /

If OfA + B + 1 to exact

is 010 exat

may not be surjection

When is lim' (Ai) = 0 ?

Answer: raishs if A: satisfy Mittag-Leffler condition

M-L condition for : ++ g+,+..

O - Lim A + LimBi + /m C
, To

is ext if ima of As in A
,

stabilizes for larges

Ais ImAimiF

-
eventually all equal

Im Anxi = Em Anxix" --

Kounter example:*****.
As A

,

Az ...

Case: A.x, + A
;

onto for all : (M-L trivial

M
So limB

,
-> limC

,
is onto.



Case 2 : Aix
;
A

,
is O for jlarge

Can assum Aix
,

-A
,

is onto Creplan So
,

A
, ... by subsequence

Y+ x - x·
X

Choose b: for all i like this
Easy to churki by is image of bis

lim B
,
- lim C :

also onto.

Case 3 : general case

... AsAn &A,A
,

satisfies ML condition

Aistablimt,ia
Z

↑
· eA! + A

: et/A! T0 exact

AixieA! ↑ satisfig case I

is onto (satisfieor 19

lim'(A) =0 = lim'Ai/A

lim /A : ) -> lim' ( i)- lim'Ai/A) exact

Y ↑ "
So = o

So if A
: satisfy ML condition

lim B,
- lim C : is onto

Example : suppose of A: + Bitc,
10

with all A :
Finte las sets

TlimB, lived is onto

any decreasing seque of modules stabilizes.



are49 : Completions

Ring R
,

Ha 5.

Completion R is (projective limit of rings R/sn

R/j1 P/yn) -R(j3t ...

a. a
, taz

Example: R = k[x] 5 = (x

R/53R R
(x)/x21()/x

a
. a + a

, x a+a
,
x + a

,
x

(x2 = 0)

↓ ↓ ↓
a+ a

,
x +a

,
x2 + ...

-

k[x] =(((x)] k[X
, T] = k((x, +]]

5= (x
, 4)

R = 2 5= 1101

= 101 "ou : "you,"
I 3 23/

..... 75231 -long decima inlegen

Somehow dual to constructive of IR

18-adic integers I
, 0

/on) = 42x4/

lin(02/ * im (* /
**/

Fim()xm/
10 = 12x1s

focus on prodic integer
(for

p prime



k[x] ~ & P
. 5

.
D.

(x) - (2)

1

~ z zadin interas

Do has zeo divisors'

= [2 *Is
II ,

of

F

Alternative construction of completion :

Construct IR from Q

metric on Q : d(x, 4) = (x4)

IR = set of camehy sequences/set of cavely sequences ->

Put distance un rhy R : d(x
, 4) =(x1)

whats 11
(x) = c"if xcjV

,
x(5n

+

# = 0 if X call I" (e.y . X-of

Completion of R in this metricmu

3k 3
, 4)

reals

R, 5 (x + y) < max((x) , (y1]
↑ d(x

, 7) > max(d(x,
z)

,
2(z

, 4)
ultrametric

inequality

11) Completions of rings are similar to IR

Example: can sometimes define powers xh
, gamma functions,

bessel functions
,

for some rings R

-particularly p-adic integers

(21 fast to solve equations in
E (Hensel's lemma

13) Completion is a stronger version of localization



IfreR is a unit in R/pu
,

it is a unit in Bypan
Itrs e pr

(1 + rs)e pan

=1+ (2s + 133)
* r unit in R/pan

So inverts in Ppr
forCl

are compatible , give inves to r in I

Suppose in maximal ideal

look at completion of R at 1

E now local ring
all elemets of R not in1 are units in R/m = field

any element of B not in Y has an

inverse.

Get map Bre
localization

If R is noetterian t into domain

15" = 0 so RSR

(fails for princided not maximal) p = 10/22 E = G
,

not local ring.

&
(o)

= D At subring of completion

R = ((x"m0])m = (x+]
loca

,
non noterian Completion is just I

,
Th= M for all

for in maximal
,

RT Rig TRT ... + R/3T -R
↑

localizati

Spatum:ex
+..

bigger spectre
k charo

R = k(x
, +)/(y2-xx2) & m = (x

,y)

Spek(x) =
k(x,73]/(42 - x3x) = ((y -xm)(y+xm

a⑳ has zen divisors
reducible

% # completion has zee divisors



= R is integral domain
,

localization R [s] also integral domain

but completion not necessarily

Picture of 42 =im (u
homeomorphic to cantor set

⑳D or It pointsetcountable

Lecture50 : Hensel's Lomma

How to find solutions of equationsore
R

R =inn

*
p

= King /pr

x Sx-2 = o have a root in Q?

x - Ex-2 = 0 have a not in I ? Yes by JVT

Hensel's Lemma: If we can solve an equation mod J?

for Suitable

We can solve it in

Version #:

suppor I idel of R with completion &

feR(x]
,

roof a in R/5

f(a) = 0 (mod5/

Then a can be lifted to a root in
videdf'(a) invertible in R/5

↑la) to if I maximal

a simple (notdouble/reet

Enough to show :

any roof in R/ju can be lifted to
a

roof in R/gnt



flat e5" (a root mod 52

lift a : Flax/e5"" (find &

· fla)+af(a) +...

try 2:ur

f'(a)(f'(a)) = 1 mod R/
for some far" in Rs

f(a +a) e f(a)5351
+

Example :If ins

f(x) = x2 - 7 solve f(x) =0
solutional in [12

f(x) = 2x

flal = 2 #0 mod 3

so root a (muds) lifts to root in Is

....
2011 i

-base 3/

What about Ip* p odd/
What are the

square
?

(1) Number of zars atthe end of pradic exparem is eve

Hensel
.... 2317000

=> # in square S
12etnonyx= b mod

⑫ 0 mode
2 + P

so Ele < 1/22

What about
p :z

x2a = 0 in 12

problem: root mod z"cannot always

be lifted to rest modnat

↳ = 5 mod z

a
"

= 3 mod 23
no solutions !

f(x) = 2
=0 mon



Suppose inLp f(a) = 0 mod jad
F'(a) 0 mcl pdx Getins

case

Then a can be lifted to a root in Ip

Newton's method

FlYn=X

·divial

me
↳ divisible by pad+2

f has coefs in

↳
integer

f(x) = 0 mod pa+k
2d+2k

=> f(x) = 0 modp

When does be 12 hav a somerat?

(1) Even # of zers at the end

(2) last digit is 1 I has sartif = I mod z

f(x) = x - b =0

need f'(x) = 2x + 0 mod Id can take d=

S ret exists if x?b =0 has rest mod 22t: 23

/ = ((*) "(2)
↳ But

4th roots in 12

Solve fix:x"- 60 assum b odd.

f() : 3 Want f'() to mod zd

take d =
2

So Ath not exists if f(x) = X*b =o
has rout mod z2,23

&t
pows inSy : 1 ,

17 So b has at out if bel mos?



Lemdl : Hensel's lemmer continued

Recall I max
,

By field

monic f(x) : roof a
in R/5

can be lifted to aroot in R

Application : what is structure of Ip:im/
.....

12143

/base pl

Roots of unity in Xp
*

4pC has pol rests of wit

X- 1 = 0

Roots are distinct/mod p

Hensel's Lemma : all outs lift toIn

So in
,

we hav
po,

roots of xo

they an 1
,

2,..., p-1 (modpe

&***/ X (elements = 1 mode
i

A-1 rests of ?

log
- +

↑ odd : 1 *p = [mode) = (4p = 0 modp)
e

emp(x) = 1 + x+
convergence :?

Converges if plX (p + 2/

How many pows of p
in !

integerput | + z + 3x - - x4

[] of the divisible by p

[i] pi

[*p] pe

(+ < + 7 + -
if plX , p

> 2

, 1x.. conve

I pen, pi , explai converges

= plx ,
log(k) converges



&
p

*
= 4/+ **

p P + 2

↑

rentsof unity
&

torsion Pro
↓

R
*
-4/24"IY

*(= 1 mode
F 112

↳
,

under +

irations:

ows : If a is a simple out of fC = 0 in R/ (f monic

there o is to R /R complete local ring under idea5

gerulization : Suppor f(x) = g(x1ho(x) in R/5[x]
If monic suppor go ne corem in RgEx]
The factorization Ifs f(x) = g(x)hex) in &Ex

Prof : Idea : Suppor f(x) = gn(/hex (mod 52/

lift In h to gra-guth ha hutb

/molmods

(
g,

(x(b(x) +ho(x(a(x) =

Mes

/n+

Emultiply by ms to get

9.(x)((x) x ho(x)((x) = 1 mod 5

for some c
,
d

a %o
,

no coprim/mod J

Hensalian local rig : local ring wher Hensel's hemmor holds
a

=> A monic = go ho modIt
mas ide

the factorization lifts to R(x] if

go
,

no
soprim

Example: complete local ring

Nagerta : any local ring has Hensalization

Rs henelization s completion
*algebraic part off

(ish)

R = k[x] Hensalization : algebrac power sering

& = k[(x]]

⑪ algebrain numbe 44

(countable (uncountable)



Strictly Henseliam ring
: Henselian local ring whe By separably closed

I field

Analogs of local rings for "etale" topology (algebraic grouty)i
Ol

e2 : Flatuss of completions

ring R
, prim I

Ris flat R-modch

11 M + Mis preserves exactress

(R Mp = MOR

Rig is flat

=gR/zn
n

"Stronger version of localization"

Aim to show R flat R-module if R is Northerian

11) 50 OdeB+ C+ 0 exact,

the --Besso also exact

A
,

B
,

C Fig .

R-modules

011 +Q1Q/+0] exact but notfig.
complet
at (2)

1240 + 0 +0
↑not injective

if OtAtB+ (10 exact

04/1BrA - Blype42 To also exact

Targ not A/52A

0 - 2* x+ 1/4 to
5-(2) +200

not injective

M-L condition : automatically holds : A/suBA/* BA

So ot him Aseaim Blythin Y -0 exact

" is



Is Hiubra = Him ra =A

Artin-Rees Lemme: needs A
,BC fig.

R-moduly 0 TK-Q18/10

IBrA is Stable [ (2)On I not stable ]
=>imura iA

so +A+ B + 20 is exact!

analy : OTApsBy Gyeo exact

Lemma :If M Eg .
over Nothrian ring ,

then
11

MQpR = M

false if M not f
. g.

M = 0
, 5 = (z)m = 0 + MQ, = 2

M = 28

MQ = ***smaller than i

(Mor (89)
0 + N + f+ M + 0

r

fig.
module f.g .

free module ① right exact

& Q Paneof-om10 +0
⑳↓ onto

·->↓dionto(diagra comma-

↑ fig.

frea

1

If M P
.g.,

RQMTM is onto ->

① Apply 5-temma
1

=> RQM -Mis isomorphism

& is flat TorP ,
M) = 0 for allMteed

Enough to sher for M E
. g. (For

,

commutes with direct limits
, any module

is a direct limit of its fig. submodules/

1

for fg .
modules RQpM = M

M -i preserves exactress

so Tor
,

(
,
M) = 0 for M Eg.

So for all M ,
soE is flat



How to more modules from Rto
1

Bad : tal MM

Good : M +M Sampong.

0 -- Q + & 10 exact

I= (2)
0 + 20 + 0 to not exact -M

Dat 0 - 127Q219/2
,

+0 exact and much nicer

:Dimensionintroductioneas

Canton : bijection from IR to I
"

(not continuous

Peano : Continuous map
IRIAR Space filling curve

problem :

proce
IR not homomorphic to IR3 /not trivial

Lebesque covering dimension : In

if every open cover has a refinement so that each pot in at most not sets

(make set smaller
XCan Shrink s.t. every at in⑳ at

most 3 set
IR" has lebesque comingdim =n

Chand to prove!

Spec R : fails completed !

PelicaldefBowerMenger,Usinaalerdim

et: A top, Span has dimsn (11,
0

,
1
,

2
,

-- . 3
if all points have arbitrarily small abbots with boundary

-ofdintim

works for most sets ! Difficult to from dim IR" In though



Krell dimension : n = Sup(n/exBChan a

Speek[X ,7]

·in
Works well for Noctian spaces
Krull dim IR" =0 : "B-M-U def

(but this works who

Krull fails/

Hamedoffdimension : red
,

not integer in gered

Cover X with balls of radiusE

how many balls needed as Eto ?

look at- > Nratz

Used for Fractals

Deviation of poset P isX 1x ordinal

if for any descending chain a
,
7a

,
7a, ... of P

all but an finite numbe of intervals [ai
,
:+1] have deviation < &

Suppose R ismotheran .
Look at loset of all ideals.

Works for (1) noncommutative rings

(2) Dimension of modules (different notion from dim of v.
S./

Ateaicdefinitions :

Idea : Set of high dim should have
many functions on it

B = F.y , algebra/12 field

integral doman

look at quotient field K of B

dim B : = Transcendence degree of K/] largest # of algina

B= k(x, X, z] K = 11(x , 7:2) Todeg : 3

krull

"Fails" for other rings &

:dism.



GfendKirillo
din

, overflo
↑

can be noncommutativ

↓ = limslogdin Rn

logd fix this
,

but independent ofchoice
-

Rn = subspace generated by munomials of deg In in some set of generator

En has dim ad

d need not be an integer
0

, 1
,

1, 2

Hilbut polynomial : local ring R
,

max idal I

dire R/py"
↳ functions on a variety

Ilength F/m" easiestto work withR Noethra : Length R/k polynomial in 1 for 1 large
↑

degree d = dimR

dim K[[X]] = 1
1)(*]/x +)

- 11 poly of day I

Dim is logal-should really defin dim at each point

#
What about dim of targets right at

nensingar
paint,Local ring R: Wrongatsinglea

target span : (dual) in/ singular
its

though
as v . S.opGivesWrong answer.

y2 = x3

E
# of generators of 11

tangenthehe
=

2

Variation : Min nun of elements of

sustenofparametea ty mfor m,

good definition yay
!



"Hitomological"definition which various "homology" groups vanish

Ext" (M ,
N) vanish for is,?

Tor
;
(M

,
N/

-unleofaresoluti
a

Y
(3) systems of parameters

I amoNota

St: Hilbet Polynomials

Goal : defin dim of Noether Loca Ring

Suppor R= Ro

Ro Noethric

R F
. g.

as algebra over Ro

=> D Notterion (Hilbet's thuy

Suppose M= Mr is module

M is fig. as module

Problem : how fast does Mn grow as n -a

What isthe size?

"Size" of Ma = X(Malethin.usWhat is X ?

Jasy caseRo-field /(Mn) = dimpMn
& R

.

= artition ring X(Mul-length(Mul

Need propty : Of Asbe 20 lover Ro
↓(A) +X(2) = X/B) "Additive"

Poincare series :

P(t)= X(M)+"

Theorem : PC) is a rational funtion!

of
quarter



Genectors of Roalgebra R an X
, . . .,

X
,

whe degx: : i

Induction on si

5= 0 : trivial
.

Re Ro Moto no PH) polynomial
· Xs

320 :

OtKntMtMonks * Looks + 0

k =kn L=Ln

modules over R Xs =0

x(kn) - X(Mn) + X(Mnxxs) - X((n+
ns) = 0

Plt) -Pm(f)+ +Pm(t) -+
*

P, (f) = 0

Pul = A frationa

Special Case : all x
, hav degree 11.11

Pl)-i
(

#
polynomial inn if my, 0

So coeffs of th in Pl are polys ina foryo

Sintegervalued P(int)- int

What are possible integer values polynomials?
obvious examples : 1

,

+
,

+
2,

Eniti nicL

other examples :n

ini0

=(i)

Theorem : Any integer valued polynomial f is an integr liven

combination of (8)
,

(i)
,

(2) , -

(d) In It lif
roof: n

O98D2

3 3!
Given any integer-valued polynomial f of degreed ,

we can find an integer linear combination of Pol ,
..../

of same value at n = 0, ...,
d



f(n) = a
. (g) + a

, (4) +... + ag()
Idesred) Some a

o, ...,
and

for n = 0, ...,
d

So sumfor all n

Consequent Leading left of fine is of formmedfor this is

Example: projective variety given by homogenous idel 55Ko
.

..-, xn]

R =
K(x, ...,, xn]

"great So dim (Ris) is poly in K for k large

degre d = him of variety
↓! Leading crelf = dege of variety

5= (f)
"homogeneous, degree min no variables

H-no
3
-

So degreeovarimo

ure55 : dimension of local rings

(1) Broner-Menger-Urysohn
dimx In if every pt .

has arbitey smal nihds

with boundary of dim <n

dim R:= dim SpaR

(2) Krull: ZoZ, Ze ...

Zi cloud
,

ired
, ZiZix

Sup (length (chaib)) = dim Spur-dim R

(3) Hilbert : R in

Look at/it
R/p ① MY0... grade

dim
&
/pyn is poly inn for na

as use Gue is dim of R



(4) Parametos :

System of parametes :

·Doddsa
R =

k(2x,yyy2, x3/
Spectrumic

(2) knull : 105(X,
4) dim = I

length

13) Hilbut : Ea m = (x , 4)

R = k(2+]] M = (t3,,+?.../
&

dim R/pin:n ndim = 1

14) In needs I genectors
m = (+

2

= x(317)

Ex is system ofparents

-dim = I

Show equivalen : Krull Hilberts premby skull and krull : B .M-U

(for Noetherian local rings

Non-Noetherian rings
: Krull dim R(x] might her <It dim

dim any ring R= supdimRlocal rings ofpointskrw/l

KnitBun
for all tosea

&Z
,

5 ... chan of irreducible close subsets

We show : BMU dim of Z,
at last ;:

pick pezi) Zi+
↑

BMU dim it , by induction by thissided

↑
Zi-,

in bounday of any able of peZilZi+
So Z:

has BMK dim < dim Zi



B.Skull

Comb forNortherianSusa-
& Krull =o (Hausda

We show for any closed subst X
,

Krall(X) > BMUX

FTSOC
, pick minimal closed subset violating this (Northerian

Can assum
this is X

Can assum Xinbuable (if X = YvE pick one

Suppor BMUCI, n
. Pick peU bary U has BMW dim,

n.

So knall dim bday in-1

get chain ZoZ
,

5 ... En
-,

in being

Zo 32
, 1 ... En+ X length n *

So Krull(X) > BMU(x/

56: Hilbert Polynomial U
.

S. System of Parameters

Krall - dim(RIS atoday

Showdim(R) dim (R)

Hillet system ofparameters
knull

2 dif Hilbut polys for local ring

①Pr Dr

·in(R-degxn

System of parameters: Set of gerators of idal
a 13, 93 mr

look at R/gnal
R/q0B/20 ..

↑ antinian ba 93 mr

↑ (R/quey is poly in a luo

⑦ 9 mx = Pq090 -- -

# of gerators of a

= # "ana ,
over Ra

deg X/9n) # gas of &Tnt

deg1(
*
/n+ ) 5 #gens of a las ideal



degx (*) deg x(R/gn/

Byo/
x(PMy 3)(*/qm)

#/

Curgar,find
↑ Hilbut poly of 177

fighhave
Hilbert poly using a

same degree

⑳de(degprameter
:

Krullus. Hilee

↓
dims dim dim 5 dim
↑ ↑ ↑ ↑

Krull Hilbut System of promtr knull

Lemma: Suppose XEM
in max idul of Nothian Goal ring R

not zero-divisor

Hilbut (R/x) < Hilbert (8) - I

(in fact
, equality holds]

Example : R = local ring of KEX43/(xy) at (x,4

⑭thisetXiso dis] at 1)
Proof: 0- R*RTR, Rt0 exartble x not
- Zero divisor

·Rema / er/mn-R/R,
my-0

↳not in gard
R/m2

M =(2)0+
4

12.742 % 44720
n = 1

Homme xR1M" is stable by Strong ArtinRees
-

↑

differs from in
"

by (almost a shift

M > XRm"3mn+ (fixed KI

O- R/Romn-R/my - Bento

So Hildet polynomials bounded by shif of each other



f(n) <g(n) < finek

So have same degree,

same leading coef

So f-g has smaller degree
"Hilbet poly of R/xR

has day< Hillet poly of R

udim Hillt dim :

Suppor Knell dim In want to show Hillet <n

Pick PoSP
,

1 ... Sp
- prime

&uotient by to so assum % = 10) = ring is integral domain.

Pick XP
,
19

. ( X not zeo divisor
dimR@dim R/xe by Lemma

Strict dim RxR -n- 1

Y
Krull ?-x

Hill di
R

a

58: System of Paranates vs.
Kull

today
↓Knoll HilleltSystem ofparents - Knull

Lemma : Prime avoidance

Support given finte ides P
..

--, SR

Ide 5 ? R

Problem : Find Xe5
,

XP,

Necessary condition : 5 & P,

Example : R = 17/xix
, y2)

Basis : 1
, 4,7

5 = (x, y) 5 = 20
,

x
, 7, x*7)

P = (x) P2 = (y) Py = (x+y)

55 P
, Puls

Can find xstXe5
,
XP: if all I are pinge

P
,

not prin : 0%



Proof : Can assume P
: P,

its

Induction on n (num of idel

n = 1 : trivial
, pick x5 xqP,

bk 549
,

By induction
, pick x5

,
X*9 ,

, . .

.,
In

If XOn
,

done.

So can assum XPn
. Pick y: In

,
Y:C P: Ye5, y On

not in O - X + YY , . ..., Yo
↑ -

not inPilish) in On notin On
4
,

4: #On

On prima

=
M

notin Pilica/ In Piliam) Y: ep
:

X5 Ye5

2
bla intrsational I surfaces

Minimal size of system of parameters -> Krull dimd

↓
Need to find (X, . . ., X2) ImmeConstruct as follows : every prim I containing X, ....

X
; has codimt, i

Suppose given X
,, ..., Xi., find Xi

Only finite of min elects of primes P
.,

P2
, ... containing X

, ...,
Xi

-

↑ codin =d) i -1impins of B.......
Now contain in Imaxidal

So by prime avoidance
,

can find Xi
,

X: #P
, ...

In Xie M (m=5

All primes containing X
, ...,

X:
have codin i

Finish: Show X
, ,

.. ., Xd is system of paramete.

Any pan containing & has cedim =d = krull (R

only prim of colimed is maxidel it

So (, . . ..,
"d) is in-primary so contains power of

max idelm > system of parameters

So min size of system of party - Knull R

=> Knoll : Hilbert-system of parently yay!



h59 : Krull's principle idel thore

No healocaRing,a system of parameters
=> we can use easiest def to Find dimGen S

lower bound apper
bound

Po ? P
.

5 : "Pr
X
, . .., X

elication 1 : R has same dim as completion R

/n

"Zeros of a function have codim 1
"

Suppose Xe Notarian local ring
X notn or zero divisor-
Then dim R/x = dimR-I

&awhen zeos do not how which

↳in
heno seas

at

a
rison

13nouRWhtmo
s

(ti, 1)c( () idl(x2x , ye

Proof: dim(P/) = dim(R) - 1

we have shown dim (PK) < dimR-1

to show" "

Pick X
, , .. ., Xd d = dim(R/x/

system ofparameters in B

Generate 17/x1- primary ded in R

Then X
, , ..., Xa,X is M-primary

50 dimR = /+ dim(1/

More praise version: Krull's principal ide theorem :

Supprar XeR not zeo disam (R Noetleriant

All primes minimal among
ones containing X have codin t

·



Geometric meaning : think of x as an function.
zeos ofa

miningsuboa
Primes containing x irreducible substs of zers of X= 0

irred components of zors of X have codin't.

Proof: Let p minimal among prime containing x

Localize at is + can assum R local

=> can assume B is maximal

idea (x) is-primary
D

so (x) is system of parameters for R

=> R has dims

so i has codimo or

So just med to check codimi to

= codim =0
,

then P is minimal
,

So all elects are zodivisors
,

but XCP

and not a zeo divisor.

↓ture 60 : Regular Local Rings

R Northerian local ring ,
17 max ideal

·
Recall : dim[/ > dim (RO

M
as v. S. over R/ " knull

,
etc.

Generators for 11

is system ofparameters

Ris calledregular if equality holds.



&·amples
:R

M = (x , y)
cotangent
spaces M/in has dim 2

Y

↓ im R = 1 = ~point is singular

R = KEX, , .. ., YnT]

Mi = (X, ..-, Xn)

/He has dim n

dim R ? In
not unt or zor divisor

dimRiding
dimR = n so R is regular

K (X.. .. ., Xn]
/x, .. .,ve)

also regular

↓ im R : dime
↑samestangent space

Ring S called regular if Sy regular for all I

Sufficient to only check is maximal

So KEx, .. ., Xn] regular.

Complete regular (lucal) rings : R

Suppose R contains a field mapping isomorphically to B/m

C
Ex: k[x]]P/m = 1

Countryp complete regular locuring doesnt containa

Then R =
power serig ring K(2x, ..., xn])

geofi pick X
, . . ...Xa basis for M/7

Get homomorphism
KEX., ...

,
Xn]] onlyX AmpleNothinas

R regular-> map is injective

suppor at Kernel 122x, ..., </a)
has dim n

So dim DL, n-1 but dim MY = n

,

R regula, so kard must be empty



(not unity
otherwise space empty-

What about hypesurface f(x, ..., X) in An -fo
which points haveregular local rings? ~

Look at point 10, 0
,

0..../

What is dimation of local viny (kEx.. ....
xn]/(f)(x

. . . , x

dim KEx.
, .. ., xn] = n

F not unit or ze divison.

So dimHiyX -

Dimension of cotarget spar Myi

K EX., ..., Xn](X
, en,n

(X
-,/x

, X
, -)

= n-dim vis Spanned by Xis
,

Xn

hypsurface!
(*s ..

-. x-xix)+ (f)

X
, , ., Xm U

.
S. Spanned by

Firearpart of f

dim : So if hasnolimeat

dim of cotaught spac of hypesurfum offo at

a point is eitherSsomal dahofa

f = y-

singular pts. :
Y"B = 0

2y = 0

3x = 0

E
=> x = y = 0

(in char of

·makes sera geometrically

Lecture61 : Examples of local rings

Non algebraically closed fields in char pro

Variety V over field K

R =
k(x, .. .,Xn]/5

localize at point (x, , ..., Xn)EK" Calg. Closed)

max idel in now alg.
closed

Problem: If local rings atpts are regular, is sam for over
&

algebraic closure Is ?



[xi, . . .,n]/5 ?

Example : xP + yes a

field k char pso ,
a not pith power

Maxidel give by 14

1) (x , 23/(x+ yea,
4)

=

k]/
Localize at y :

Local ring has dim 1
, maxide 11 gerited by I elemet

,

So ring is regular
Y cotangentspace is one-dimensional

Look at what happens ourT

T (x, 73/(x+12) ab= a

=T(
, +]/(x+y3)

hashilpotent elements

Ring is non-regular at every max ideal.

O-dim case :

X? a = 0 /0-dimp
(a + 30 bek)

L = KE)/(xa)
is a field

k(x)/(x)a) = ((x)/(x -b)
/ - not field, has

hilpotent elements

LQ

L * M L
,

1
,

M
,

fields

KCL
,

KSM

L finite extension of1i

In char O
,

LQ,
M is product offields

irreducible over K

↳ K(3/* char = o : all roots are distinct over
1.

F= f
,
/f,) over M

fi distinct

LM =

Mayy(x) + Miy(x) *

&



Stranger in char pi

L = k(x)/(x0.a) = M

↳ M = K(x.13/conham
multiploa

&
not product offields,
has mil potent elements

(x- y)) = x y- a - a = 0

In char pro, product of two regular rings cam be no nregular

Product of two nonsingularvarieties can be singular

Zariski : geometrically regular local rings
R over

11 St
. RQ,

E is regula

Example : KEX)/(xu) is ingular but not

geometrically regula

(Closely related : "Smoothness" R - S

&)[i] order in feld &[]
* not UFD : ((+ )(1- = 2 . 2 = 6

Normalization :[ is an UfD

R

Maximal ide of(e : "E,
/ M

dim1 R/m = I

/likea
So dim*2 = 2

So [[#] not regular at 12,

&[i] is regular (at all max ideas
-

localization is D
.

V
.
R.

H

makepts in spe nonsingular regular
-

1[*] <[*]
invecimen is (2,

1)
O ↑

ain
hot regula regular

Prime iden[1=]/2 = Fr
not invest image
of



Gre62: Cohen-Macaulay local rings

Regular + local complete intraction & Gorenstein - Cohen- Macauley ve local

today
(Noethrian(

Recall : (R
,

M) "local ring
,

maxide

If XeR not zero divisi or unit
,

dimR/x = dimR-1

X not zoo divison
,

unit in R

Xe Il II II Il R/(x
,
+

, "Il n R/x,
*
-

Xi
,

Xe
,

Xn
,

... is aaular sequence
ength of

sequre X
.. ..., Xn : n [dimIRS

Ring is IM if we can find
a regular selum

of length = dim R

# depth = dim

Example : (1) Any local wing of dimO is -M

12) Any regular local ring is CM

Regular (local) -> integral domain

R P/ARYpRD ...

= polynomial algebra

-integraldomain

=> R also integral demain

ab = 0 in R

aem" bemi

a KM"*

bemnit

imager of ab in MiYixit + O

X, = elect of Ml M2

R/X,I also regular . So repeat

Not c - M : R = k(2x, 73]/\u2
, xy) -

Tr

177 = (x
,
y)

All elements of 1 are zen divison
&depthR



(NowExample : no hilpotent elements

R:R = k(X, 7,z3)/(xz
,

47/

Pick nun-zeodiviur x.
= X + z

k((x, Y,z])/(xz
,

47)
,
(xxz)

= k(x, y]]/(x2
,
yx)

= ring of previou example,
all elements of max idea

are zeo divisors

depth-1 but dim =z

So not C-M

Not equidimensional
in gavel, CM = equidimensional

not quite,
had more

Example : equrdimensional ring
,

no nipotents, not C- M

#
I plans meet at point in -

W =X = 0 k(w
,

x
,
Y

, z]/wy
,
we, xy,

x z)
y = z = 0

Pick non zero divisor x
,

= w-y
R = K [W,

X
,Y

. 23/0y
,

Wa
, xy

,
x 2)

R(x
,

= k((x, y,573/(y2
,

4z, xy
,

xz9

·
hango,

mixo.
All elements of max ideal of R/x,) are zo divisors

depth R = 1 dim = 2

Want to show :
any 2 (maximal/ regula sequences in Netheria local ring have same length

define depth for a module it

Regular seque for M:

X
,,

Xz
, ...,

Xn XiET

X , not zero divisor of M



Xz
"""" M/x,

i

TFAZ : /1) Ther is a regular seque
for M

,

X
, ..

.

,
xn of length

tri Exti (R/m
,
M) = 0 line

13) Any regulasequen can be extended to one of length n

&2) : X
, .. -,

xn regular . Want to shew : Ext(R/m
,
M) = 0 Liant

↑
Induction : = o for icn-t

OTMMTMMTO exte
X

, not
zero divisors

Ext"((m
,
M

,

m) + Ext
"(R(

,

M) e (xt(2/
,
M)

M ↓
O by induction- Injectin and zeo map

-

X
,

is o o Em I, em!
n-1

so Ext" (f/m
,
M = o

12 = 3) :

(ext" (/m , M) = 0 for in

Any regular seque can be extended to length n

Suppose n = 1 so (2) => Hom(R/m ,
M) = o

So in not associated prime of M

Zero divisors = U associated prin

= M

So i has non zeo divisor !

So the is a regular seque of length 1.

for n>1 : pick non zeodiviso X
. EM

apply induction to M/x
,

M (similar property to (2) with not

Corollay 1 :

any two maximal regular seques of M /or RI have same length
Corollay 2 :

any quotient of regula local ring by regular seque X
.. .... xn /possibly non maximal

Es C-M
.

R
x, ..., Xi) din-dimb-i
-

So this has regula sen
of length dim Ri = dim



Example : any hypersurface singularity is EM.

re63 : Koszul complex

R R/(x
,

-

,x)
+ 0

regular e
X

,,
Xz
, ...

serizedim
Q: Is a permutation of a regular sequice also regular ?

A : No in general K(x , Y, z)/xz1
X-1

, Xy regular

! Xy
,

x +1 regular
↑

zero divisor !

True if R is a local ring !

X
, , ...,

Ye EM (max ideal

Koszul complex of (X, .. -, Xu

excut if X
n = 1 : X

,

0 + R = R - F(x) + 0
not zero divisor

no 2 : x
,
x0eRRR & R/x

,
x)20

11(X,Xe/

(a,
b)H(x2a=

X
, b)
d= 0

General'

0 + R + Rcre ...+-RRe/x
....,

x) - 0

...-(R)- 10) - R

X
, , .. .,

Xn -1

·
samRe/ 0

Koszul complex doesn't depend on order of X
.. ...,xu Cup to isomorphism

I X, . ..,
Xn is regular, then Koszul complex is exact

·



Xn injective on R/(X
, ...,

xn) => exactimes

4 X
, ..., Xn is regular => Koszul complex exact

55 X
...., xn is regula, we get Pintefee resolution of module R/(x

, -,
Xn

Problem: If Koszul complex is exact
,

is X
, ...,

in regular

A : No in gene /example from beginning of Lecture

Yes if R is althe

R local => samutation of regular seem
is regular

Hi (,, ...dith homology of Koszl complex on X
, . . .,X

Long exact sequence :

exact by splicing construction
· X n

-> H
,
(, ....e.... xie R/(x

, . . .,
x+
)c R/x

, .-,
x ..+

onto-is this 0? "Minjective
5 X

, . .

., n - regular,
R locali Nakayamas lemma: So is X

,
, . . .In

If M is Eg .

Rmodule and M = M

(in = max ideal) then M =

M= H
,
/X

, . . .,
Xe+

Xn : MeM onto by assumption
XnEM local rine - elements of regular sequence must be in max ideal

So MM = M so M = o

H(x, ...,
Xn+1) = 0 - by induction

,

X
, ...,

X
e

is regular londer doesn't matter

Lecture64: dowenstein Rings
local

,
Nottrian

Seality property

O-dim case : =P/nt max idea

dimR = 0 = R Gorenstem () Homp (K
,
R) is I-dim Cover I as v. S.

Dual of module D(M) = Hom (M
,
R

R Gorenstein = D(M) behaves well

i.e. DIDIMUM
Etered def of due is Hom (M

,
wodualizing module)



< length 5 as module over itslf

Example(0-dim)RK/Lim-sand F
↑
->

one block
on bottom

R = k(x, 7)/(x2
, xy,+2)
*

twoblocks on bottom

dim Hom
,

(k
,
R) = Z

not MGorenstein !

R = k(x,7)/(x2
,
42) i

dim Home/k,
R) = 1-

One En bottom

↳ Forenstein

"looks the same if
you flip it upside down

"

Grothendik :

R has dim-d
,

Greenstein if Ext"/K
,
R) isO

for ifd
,

dim-1 if id

(Note Exto = Home

Ubiquity of Gorenstein rings
"Everywhere present

"

Simpler criterion : if dimRLo
,

then

Ris Gorenstein iff R has non zeo divisor

XeM7 Sit. R/(x) is Gorenstein
↑

any non zoo divisor

will do

Look at O-R * R/xeo

Examples : KEx.]] acted on by4/34
lookdisubredKhark /

XewX wet we (wif

Y13 Wy

7I
Ei

dimHome"

"Tzodiv
not Gorenstein



Ye Why·xrewX

non

Y

2

L
r /↑

dim Homp(k,
R) = 1

nun zoo divisor

Gorenstein !

Singularities of curves in /A

# +/ look at local ring at

f H(+,+), +
5

,7)

I
10,

0
,
0

,
of

·
⑨---

R/y)" nun zero divisor

dimHomma /
(k

, /1) = 3 not forenstein

M

↑in
non zero divisor

·
ir

dim.I
Gorenstein

·000I ↑ +8 +
9 1s

+10 ++ 18

non zero divisor

R((+%1 # +
8

+
9 ⑮

%
Not Gorenstein

Horn Idim spanned by



Regular rings are
Gorenstein.

Koszul Complex :

R want: Extr(k
,
R) has length #

Pick X
. , ..., Xa basis for/2 (R regular

Koszul complex :

OBorder ... ReDeR/20
Use this to computer Ext(K,

R/

-

Homology of O FQRds
Il = 19, ..., daf

(x ,
a

,
+ Xya, + - - /

&
/x

, ..., 4)
= K

he65 : Fitting Ideals

↑
Just some guy's name

f
. g, modul M over may ring R

Fitte (M) -Fitt
, (M) -

Fifth (M) is a sort of obstruction to generating
↓ M by n elements

or

Botttelets
If M ganted by n

Fitte (M)

Presentation :

R R"- Ms0
T

↑
basis corresp

geretus gi , ..., In
of Md ↑. 9, +

. .. + Mngn = 0
N

r2-En r
2, 9,

+. -- Trangn = 0

No (M) = ideal genecked by det of all

nun minors

Problem : seems to depend on presentation.



How can you change a presentation?

Si Add nur genutun 9

add new relation : g =g,

+--- + magn

(2) Add new relation as liman combination

of known relations

Cor do # of new relations

Any 2 presentations are related by the

operations and their inverses

R
* -RM-Me

R
*
-R-M +0

Step1:

(T Step 2 :

Mmmmm j
(r.. -- Unl

det same det uposee

Again doesn't change things

Example: M = fite abian group [4-module

Fit (M) ? M = 4/n
,
2*** @ - --

In
det = R

, nz - N

Fitto(M) = (1M1)/Fitt(M)
= Cyclicabeimoras

Fitti(M) defined in same way R
* -R" -M-

... In Tak ide geneit by

& -,.
-- En↑Grill



Example : M fg, abelian group

M = 20(4/7)0 ... 04/2)
milna ne/ng"

Presentation :

100%
fitto (M) = o

Y

Fitt; (M) = o S ideals
Fitti (M) = (n ,

na---n,) completedetermineener
fittjxz(M) = (n, nz --- ni,

Fitti (M) = (1)

/Atti(m)size of what is left after killing elements ofM

for any
M

,
M geneces by i elements> F:

(M) =R

conver fro for fig .
modules over 1 or local rings.

⑭66: LoadComplete internation rigs

regular - L
.

C
.

5
. 5 Gorenstein > C. MS load

L
.
C . 5 ring : regular local ring R

R/X...Xi) Xisi
, Xi is regular sequence

Geometric meaning : variety/
codiml

needs <, k equations to define it

If we can def local ring at p.

t

with 1 equations => L45. ring



Examples : (1) Regular=> LC
.

5.

(2) Any hypersurfac sing. is L
.

?5.

R/(x
,+

k[71. --.,
Ye]cor/f(4

, ...,
Yet

13
Recall L

.

C
.
5, = Gorenstein

Problem: find example of Gorenstein ringa <C
.

5.

Example: R= K(X, 7,23]/(x
, Xy

, 47, 22,42x2)

Gorenstein : dimR : 0 length = 5 mym
V vs

. over 1 1 ,
symmetric biliver form

vou - K

KUK
I

↑
442 vxv + k

u is bilinear form
17

Bilinea form on V rundegenerate=> ring is Gorenstein

dimHomp(k,
R) = 1

Not L.
C .J.: informal argument :

R = k(2x, y,z])/Lideal)

Ideal ? M2 M = (x, 4,
2) in K(X, Y, 73)

M2/m3 has din = 6

Spanned by x2
, xy, y2, xz,

2

,
47

Need to kill off 5-dim subspace of M2/M3
u

Needs 5 relations
U

.
S. over K

dimk[[X, y, z]) = 3

so if R is L
.
C

.
J

.,
we should use at se relations

Theorm : O-dim Netherian ring is L
.
C

.5) Fitto (M) + O
-

Extension to higher dimensions : (Wiles
Local rig & with dimco is L

.
C

.5 if R/(x) B1
.
?5.

X
,

not uni
,

zoo-divisor



Example : R = K22X , T,23]/(x
,Xy. Yz,

22
,

42 xz

M = max ide

X ⑧

-Fift, (M) we module with 3 generators X
, 4,

2

relations forM

*

7570
B > 11,

1772 Y 00 yX = 0 Fitt (m) = O

tt O XO So R not L
.
C

.
5.

0Oz Fitt
,
(m) = (17) = (xz)I O I 2x2 det

O yz = 0

o Fitte(m) = (x , y,z) = 11

|x1 def

Fitte (M) = (1) = R

0x0 dets

Geometric example : Idim
,

reduced (no hilpotents
Rk(+ +

,

+
,
+]]

GorensteinCearlier Lecture/

Not L.
C. 5.

Quotient by non zer diviser such as I

length /1= 5 basis 1 ,+9 + +
%

,
+19

1xyzxz = y3

= k(X, y,33)/(x2
, xy, 4z

, 27xz- y2

not L. C.
5

- by previous example

nSummarize : how to test a Nothian local ring :

di
regular=dont

⑭
~

&hissomething
t·

Start from beginning



67: The Benstein- Sato Polynomial : Introduction

* Exterior algebras 1(V)
Xy = yX

* Ring of differential operators ([X,]
Leibniz ruh: x =X

*Clifford algebra: ab+ ba = (a,
b) inner product

W
Non commutation but ob closely related to ba.( ab-ba or bal plus something "simpler"

Bernstein-Sato Polynomial
diff

int

Gamma function M(s) -T**d
Converges : Re(s)o

Integrate by parts : ↑(5)Ms + 1) cermophic
(extend ↑ to all complex

(possibly with poles/

↳saf f(s) = + b(s) = sx)

Bernstein-sato poly : b(s

f poly in X
, ...,

Xm ↑
P (s) f(x)*" = b(s)f(x)
&

↑ poly in s

differential operator inS X
., .--,

yn,,,d

Converge
Por 5,o

in P(x(f(x)dx f30

=> extend to Sek ↑ nic fri
smouth, compart support, etc.

(somewhat strongerthan necessary

F(x,,..., +n) = x?+xx

((x, + ... + x,) = 45x((5 y)(x,x ... + x = )

b (s) = 15x1) (Stn) /leading coeff is if

p(s)=



Example : F(x , 4) = xx
3

hand to find bes poly
b(s) = (S+/(s + %)(5+ %/

Theorem : Every nonzero complex poly f has Bernstein - Sato polynomial

Proof : ideas from commutative algebra

Corollary : Malgrange - Ehrenpeis thm

D
Every differential operator with constant coefts

has a fundamental solution of

Can solver
-DF=dirac delta "function"

Df-g for reasonable
↑

in X
, .., Xn
u

distribution

Solve DF= S

Take forer transforms: + X

QF = 1

polyh Distribution

Solve : F= t ? Yes
,
if Q everywhe nonzer

Problem : What if Q has zes ?

Near Q(X) = 0
,

to not locally integrable .

X Gen

Sledgehammer:
Hironaka's thm

Easier : B-S polynomial

Can assum Q40 t 340
& is Holomorphic for Relsy, o

Using B-S poly, can continu Gas meromophe
function of s to see a

taking value indicibutions

(p Q41dx" momorphe ins for any nice



Poles : related to zars of bloon
[B-S poly

Q"Q' might have pole at s

(no pole-don/

Q = Q
.m5MQ

,
ms . +Q5+ ...

Lament series coeffs Q distributions

Multiply by Q :

Q'= QQ. msM + ...
+ QQS- .. -

↑ = 0 00 1 + 11
holmopheat 5 : 0

Q Q
- m

= 0, . -

-,
QQ = 0

,
QQo

Do is an invee of 0
-

⑳ is fundontal solution
↑

former transform

QQ
.m"0 ... QQ- + 0

so many inmes of Q :

Qo" (linem comb
. of Q- m , in

,
Q.,

Elemt of ring has I inme

PA = 1 QB=

B = BQA = A

(11) Product of distributions not always defined]
(2) Where product is defind

,
it need not be associatio

a
real reason why we don't get a contradiction

did XS = 0
(k - x)8 = S

* . x = 1 * (x . 5) = 0

:The Bernstein-Sato Polynomial: Bernstein's inequality

Bernstein's inequality : module over Weyl Algebra

A = C[X..--,Xn
,

G
, , ...,2)noncommutatia
t XiXj = X

j Xi

did; = bjd ;

↓; X;
= X; d ;

if it j

dix:
= Xid:(Leibniz rule



Module over A: 1/ <> system of diff
- equs.

Hong (A/5
,

smooth fast
itutoto differs in 5 .

Center of A ? A = ((x, .-, Xn
,

2
, ..., 2)

A : Center of A is K.

Proof : DexD-Dx,
Drex,D-Dx

K-lihen map A- A

Kernel of all is polynomids in X
.. ....

anythingconnutione
lead of Dr J

:
D-D2;

Call ifS
is polynomials in d

, , ...,
In

(Warning : we make use of char 4 = 0

I char-pc0 ,
center contains 6:0 baxid= 68x,

thee are other differential operators

Convert Weyl algebr into commutative algebra:

Bernstein filtration of A:

As SA
,
SAG ---

"
A

, spanned by all monomials in X
.. ...,in G

......
On

of degree si

AiAj s Aixs
If peA: qeA;

pq-qp e Aixj-1

R = A,A.%,...
This is a commutative Ayremial ring in images of X:

,
&

:

M is models overA genested by complex vs. Mo

Mi = A : Mo

Aimi Mit

M,MYM
is module over R : As A/D

"Sam
size

"Same size a M"

Apply Hilbert polys to M .
Assum dima M< X

dim
,

(Mi) is poly ini for is



dim (M) = dag of dim
,

(M;
↑ Ti

ring theretic def
dim of V.S.

mult(M) -!leading ceff

integer

dim/M) and mult(Mc mudt of Mo

Changing "busis" ofMo change Hilbert poly
by at most "finite shift

.

"

So have same degree and leading ceff

In commutative case
.

M module over K, .-- , Xan]

&im M can be
any int Promo to In

Bernsteins inequality : ifMEOn KimMsIn

roof: Key point : map from Ai to Home(Mi
,
Mail is injective

Suppor aM
:

= O act
:·

want to show ato .

Induction on i. isO : trivial : A: = 0

Assum tren for i-

acA: am :
= o

umutator
->

(a
,

6
:]eAr-,

am; so

(a
,
2;] M

. =,
= 0 do (a, d) = 0 by induction.

Similarly (a ,

"
,) = 0

So a e center of A.
Il

ack

and aM
,

= o

so am -o MFO

=> a =0

A Hom(Mi
,
Me: ring thurth

↓ ↑ M d

dim
,

is poly
dim both polys of day-dim/M/

of degice In-
poly ofa Edimful

M

I dimM =n M is called honomic module.



m64: Holonomic Modules

Weyl algebren A = K(X,..., Yn
,

t
., .,

2n]

-
M module over A :

Bernstein : dim/M)n (if Mo
↓

deg of Hilbert poly
Holonomic = Eg.

" dim = n or O

Thm : Holonomic modules hav nintelength

11) Hilbert poly is additive on exact secure

-> leading welf" " 1

for Holonomic modules as Hilluf poly
has dim-n

So multiplicity is addition
*

uleading coff

always integer -, 0

= 0 #) modul =O

so length of hol
. module < mult. -> Finite

Suppose M is modula over A (not known tohefig.

Has filtratin M
.

CM, ...

dim
,

(Mil< poly in of degn
Then M is fig

.

and so Holonomic

Pof: Ill Even g. submodul
holonamemusnixleadingeffor

find chain of fig .
submodules %

MosM' c M . . · lengths of M; bounds by

x
modul over A

Conlay : M = K(X, ...,Yn](p"]
then M is holonomic

↑
p = sompoly

P Mif/pk) daysl
AiMi ? Misti

dim/Mi)s (Man poly in K of de on

So l previous lemma
,

M .F
. g. => holonomic



inteof Bernstein Poly of p c K(X
, ..

., Xn]

b(s) = Poly(i, 6
, 3)p

**

↑
B-S poly national functions

oversY
Work over field K = / (x)

((s)(x1
, . . ,n,
p.ps

#itnomic Over A= D(x)(X, . .,Y
,

d
,
, ...

,

2
.
]

Look at ApsAp"Ap3 ...

Decreasing chain in module of intelength

so eventually constant.

Apsk = Apsake for some 1

So p= Q(xi
, did p

*

polwith coelfs in 1(S

So p- Di ,bi)p"
coefts in i (5)

↑ national function in s

Put b(s) = common denominator

bisyp' = poly in (xi
,
+

,, 5)xp
↑

Bes polynomial!

Let70 : Dedekind domains : introduction

-non
UfD

Example : [] ment mine?

6 = 2x3 : (1+/1 -

Kummer :

(2) = 12,2,
Ideals (3) = (3,/2,
(= (2,(3

,
u

(1-) = (2
,
-(3

,

1 m

LAB)(CD) = (AC (BD)

(2)(3) =(f)(-/

monzesideal is aproduct of prime ideals in a unique lup to order way

kinddomain



Condition equicent to :

III Northerian
,

(2) Every nonzer prim is maximal
, and

all 3 musthold

(3) Integrally cload RGK S
x+

-,
xn +++

=0

Standard examples :

() Integers of algebraic number field

⑫ #= <(3/12+) &(e)

↳realgbraca set

affine line

ellipticare
k(x

,y]/(y2.x3+x)

Noetteran
Nonzw primsmaximgo

: not weii

B.B
,=)

,

Pe
O =B

,&Integrally cloud =) Normal=sigmatiena thou
singularDedekind domains= norsingular "curves"

k(,7)/y2,x3 +x)i
y= x(x - 1)(x+)
X

1
non-unige factorization

(y) = (4
,
x + )(y

, x)(y
,

x - 1)

(x) = (y
, x)(x-1) = (4,

x-1)(x+) =(4,
x+1)

&bit print
ne
a

·
unique factorization



Not quite Dedekind domains :

(1) Not Noethriam

Algebraic : Geometric :

4 (p'2
,

po
,
pie] k(x>]S1(x * 2 3)3k(x"s]]

↑
p-adic Priseaux seriesEv pour seris of monintegral exponents

5 = (x
,

xk
,

x...
- /

I

-nic functionas

*= Tweierstress factors
*

might be infinite

11-Fa) (l-Flex an....

(2) Not integrally closed

Algebrait Geometric :

[[m]

Chin, we

q(] In
(3) Nonzer primes need not be maximal

Algebraic : Geometric :

[(x]

18,
4x

, x-Not intention of int ideas (v reduct of primide&
PP.DTdomness


