
HebraicGeometry

De: A cakyory I consists ofthefollowing :

· A collection of objects Ob(2/
·For all objects AB Eob(e)

,
a st of morphisms Home (A

,
B

·

MapsAB: Hom (A,B) xHom(B,~Hom (A
, <

Subjectto :

·for all At Ob(2)
,

we hav
t

EHum(A
,
A) St

. Foty -f 1109-9
· composition is associative : (fogloh = folgohy

Examples:

Il Category of set - Objects : Sets

Morphisms: Set map

groups- ob : groups

morph : Armomorphisms

Constructing new cats from other carts :

1 Subcategoris I subcut of Dip
· ob(2)-ob()]/
· Home (A

,
B) & Hump (A

.

B/
· Composition in I = composition in
· Identities in 2 = Jde in

(counter/ example:

Ob(2) = #

but not in LoreHome 19
,

* ) = 4/1041
Ob(D) = * acts

as id

Hom p(X, #) = 2 . 4/02 = 20
,

2
, 4503

If [S1) and for
any A

,

Be ob(ef

Hom(A
,

B)= Homp SA
.
B

Then I is said to beasubcategory (restrict obs
,

not Horns



⑳secategory : let I be a category.

Defin 2 as follows : A Bric
· Ob(e) = ob(e) A Je

op
· Homeop(A,

B) = Home (BA) (Aliparous A lea

ian and final objects

* Ob(e)

Initial object : exactly one map for each Ac Ob(e

Home (*
,
1) = (x) A&

Singleton set

* final of Home (A,*) = 3) for all A 06/2/

Gre : initial & final both trivial
group

Rug : initial is I
,
final is O

duts
& category

,

A
,

Be ob(2

uniqu up to unige Bomorphism
the prdut AxB E Ob(2) maps

-> justifies calling it "the "product
↑

2AxBEER Sit for a GLB ,

5!CrAsp
commutes

* d this data is
A

A part ofthe
product

coproducts

ALBEY B St
.

for

anyGEB ,

I ABECSt ir)in
A

E
Coproduct in Rng= Q

Coperdat in e = product inCop

Factors [
,

7) cats

A covaia Fit)) consuls of the follout,

· F: ob(e) + ob(13)
· Far : Homy (A

,
B)- Hump (F(A)

,
F(B)) for all AB Coble



S
.
t . of(goh) = F(g) of(W) (when that make senal
· fita) = I ap

(preshuff
*

aut famo(
Gre Sets

(G,) -G (forgets operationstructure

BSR
R-mod- > Ry-mod

Mi M &pRp

Top ""I Grps

NormalTransformations

5, 6: - D functor

A natural trans
.

X : FrG is the following data:

·for all A - Ob(I)
,

a morphism inD X/A): FLA) -GLA

S.t. given a morphism A FB
,

the following commutes :

fla) Glas

Mad ↓ Elf)

↑(b)G(B

C and O categoris ,
defin funto cat Funl?

,
D) :

· Ob (fun(2
,
Pl = functors from 2-D

· Homeace
,
prF, G) = Natural transformations Fr G

Limits Limit: F : 5-7
.

Limit F"offis the final object

Let I be a category in the full subcategory of fun 15t
, 7) consisting of

Defin J
,

as the following : functure that restrict to F
on 5

ob(5+ ) = ob(b)v(x)
G-F-+

Homy(A
,
x) = [x) - add/replace

def It analogously.

final object · Go ;-;

transformation ↳ d
f

for colimits
,

just neveren all the arrows !



Products are
limits !

5 : (a
+

)5[
A

,
Be ob(e)

F: 51C F:

*- A

++ B

nse
cocome(#) is the following data :

· an objut < Ob(2)

· for all it5
,

a morphism in 2 Fart(B)
Fil- sit. for all fiAuB x47

C

colimit : initial cocon

limit : final come

Recall:
Cocore def of climit

f : 5 + 2 for limit, just "so" everythere
colimit of F is an object in 2 my maps

+ initial <) Pinal

-(if e colim E for all i

St given i. Fein in -
,

the following commutes:

Fliffline

&Simp
and colime- is initial wet this property ,

i.e.

for
any Ce Ob(2) with maps fli) ed forall :

sit. Eli) -flief

↳
Let f : 53 C
ob (cove (f) : Guinobleef for all ic5)



Example:

Ob(s) = N

Hom
,

(2
,m)

0- 1 + 2+ 6 - "

E : 50X-mud
nie 4/pr2

42y74/7

lim= Ep (p-adic integers

is

centeje
Sit foe-goe

i
"injection"

Let 2 be acat
,

Fe Home (A , B

we say f is (monitifit has light cancellation

left) fug = fog' g =gErieW hof = hof () h =h

warning! monic + epic # isomorphe

↳ Q in Ring

LR
9

foi = fo , (initial objects



Jointfunctors Let 2
,
0 cats and L : Cep

R :DsC

expe Set
Homp (L()

,
+/

Home ( -

, R(+))

(1) - (2)
↓ ↓

Homp(1st ,
D)- Hump (4) ; pe

↑
Why wewa e

we say ↓ is left adjoint to R

(equicutty R is right adjoint to /

it In : Hump (11),
1)Home 7 ,

R(
"natural bijection"

abulianization (ab
->

Gr Ab
P

-
inclusion ;

Claim: abdlianization is left adjoint to inclusion

7:Hom (d,
A -Hom(

Get glgh"ka/f
gih'G GG/hh/g

,
hea)TA

f(y(f(h)f(g)"f(u)"= I
11

GeGabeA

·
n (5

,
525a) = ((s

,)h(s) --
- h(s)

forgetful f

- Homy (WI), G

Gup SetSee WiF
-S ↑ d F

words W
(free group Se6

Homse(s,
a)

Secess-



Fires Crig Morphism
- QRS

-
R-mud S-mod

in

-
-r

-restricting
,

fight 5-structur

Hom
,

(MORS
,
N) = Homp (M

, NIR
MORSN MFeNIR

m Maps e N/p * S

↓-
mu

def: (Preadditio category
A pradiatio category is a cat 2 equipme with

an abdian group structure on Home (A
,
B) VA

,

BE Ob(2
S

.
f

.

v. Hom,
B) X Home (B

, 2) -> Home (A ,2

is bilinear full subcat

fo(g +g') = (fog) + (fog) (h+ h) of = (hof) + (4of)
presumes pradditivity

Examples : RomodAb
,

Veaf
,

Ring

onexamples:: Corp
,

Set
, Ring

defi/Additio category - A

An addition cat is a predictin cat with on O object,
0 - B

i.e. an object that is both find and initial + has and both exist Se AxB

all biny bipridts ,
iie . gim A

.
Beob(2)

,

AAR- BALBAXB
A B

oa: slaves and prestors

Pesave : Let I be a category.

De A perstat of ets is a functor 201 Set
* review precomposition

dasLemma Xe2 h : 2 Set

Natural transformations from he by hx() - home (Y, X

are in a canonical bijection with home (X, Y



I other words
,
Ite func2 Self is fully faithful

of: More generally, for Fe Fun (2% set)
,

we claim

Nati Trans (hx
,

#f canonica F(X)
bijection

Let 8 : hy of be a natural transformation

Thus O(X) : hy(x)1f(x)

mape",x
↓

* &x(tx)

Associating Ox(x) to 0 define

a map NatTrans (4x
,
#) +F(x)

I the othe direction
,

choose o F(X)
.

Defin

Oo : hy of to how associated

to Ye2op

⑧ (Y) : hom (Y,
X) eF(Y)

Fifllof
E(f) : f(x)-F(y)

"modulo thinking through, S

ther are invey to each other
"

Moving any category into a category of preslaves
We can study any category by studying presleaves

Prehearsof sets "Or heak
,
a topological space"

Let X be a Comanifold
,

let Opens (X

be the category whose objects are open subsets UCX

morphisms : 7 ! morphism U
,eUn precisely if U

, CU2

objects of A
Terminology : aesleatof sets on Opens(X) is abbreviated

by "aresheet of sets on X"

Rank :
A

Let 5: Opens (x)* -> Set

be a (furctor) present of sets



This is the same as the data:
anobjatofA

·For each open UCX
,

we han a set FCU

· for each inclusion U
.

a Um
,

we have a restructionmap in A

resun
,
u

: F(u)eF(u ,+

such that resuu,

= resuu
o resa

3 ,
42

resu
,
u

,

= Id

Abelian Categor
x. A - Abtip

?
Set

↓ Chan Complex,aquasi-isomorphisms
Topological Spaces

Komm) Rings (with Ifamage set
S Abelian Groups

be the prostat
0x(4) = Ef:-IR/f is a C function3

resum= flu
,

for 1. can

"Sheaf" indicates that a present on la category thatbehaves lite) Opens (X
Satisfies the further properties

(1) "sepaction axiom" Suppor U. Uli
The if 0

,
0' cF(u)
u

the object ofA associated to U

"the sections over U"

satisfy Resum
.
(O) - Reser10

for all it5
,
then- o

(2) "Glucability" If GF(U:

Satisfy Resum,
O = Resumnu,

Oi

The the exists of(U) Sit
. Resum

,
0 - 0

,
Vies

· for A the category of Abelian Groups.

"Guability" and "Separation" are the same as

UK-Y Resu,
ri

(8) out un
and O is the uniqu map sit.



TE(uuuug

mus"Y d
Remi

,unuinuen
mus

(*) is "exact" in the sense that

Kar 0 = Im #Rescui

T Rescue is injective

Remak : A seque AfeBe can be in any

of abelian groups
is "exact category with images + kinds

if Kerg : Imf

separation- injectiveI[gliability e surjective

·Funn
In Set

,
we can't subtract mans to define O

but we can summarize the shaf conditions categorically

by saying (*1) is an "equalizer" i
.e.

the largest subst

Where the two maps are equal.

Rank continuing (**) further becomes important when

working with presheaves of topological spaces and

chain complexes

Savesand preshraves form categories :

· The A-valued prestors on I form

the category Fun (2Al
mor (F

,
Fu) are the natual transformations FF

i.e. for any
cet we have 5

,
()()

O(#

. 18 Yal in A site for any C
,
+22 (5(4,3) ↓ Fr(c,

1)
,)

commutes.
(4)f(x)



· Let (Pre/Sh(X) denote the category :

Ob : (Pre/share : Opas(X) -A

Hom : home,
ful - homereshe ,

F

= Nat Trans/F
,Ful

i.e.

for
every open UaX we hav

&(4) E(U) in A

which satisfies :

FluAdu,
Ez↓Res

,na ↓ Resu,n

F

"Let's get some stalks
on our board"

Ring& cat admitting colimits 2 = Set
Ab~ inition

object ofredatin cat

X top sean OpensI) : Ob(Opus() : [u*X)
uniqu morphism U

.
- 42

when U
.
Uz

↑ is a perstat mas

F : Opens(X)" -> 2

↑ is a sheaf if for all U = U Hi

it 5

U

elements called F(U)+TF(U) mnisections over1
is an equilizer.

So F satisfies "Sepaubility"
"Gluability"

Sh(F) category of shares on X

Fe
Presh(5)" preshave on X

Fun/Open"e

I admits "left adjoint"

L: 0-3 : R are "adjoint"
"left adjoint"



VdcO
, ecE we have natural bijections

means morp (d
, Rel-more /Ld,

ef

-Sh(5)⑭
I has a left adjoint, "Sleatification"

defied follows :

↑ - ShT
this map

mapsa(sh(5)
, Sh(F) =1

sucty
Il

↑ ↑

any preshuf stratification mappresh(/.Sh
satisfying the universal property that

for any shar G and map 4 : F+

TSh(5)

&gu·
ther is a uniqu 2 : ShF - G S.

%
·

commute.

So they I admits a left adjoint as described above.

To
prove

Thm
,

we construct Sh5.

To do this
,

let's introduce the black
of f at a point peX .

Ex : for ↑ sleaf of smooth functions
,

the stalk Je
are "garms" of functions.

De : The styl Ep is the solimit :

Fp :=Clim
inSt

,e
[Wu/uif=Valu frsom unaclaim

&of the : Defin for KorX

(ShF((u) = E(Up eFolperl for each pell F Up and

3↑ (4) = U =(V)pu
resentate Use ele

⑳



Defi +ShE by FlueShiu
re (UU/pex

Recall "separability"for Sh5 is the

requent that for all UU :

ShF(u)eTTshF(4)
is injectiveT

Sydest,
This holds for Sh5 because

ShF(U)yF and all state

appea in TSh(U) because every p is in some U;

Recall that "gluability" for ShF is the

requiret that given U=UU:
and US ( st Vi

Viluinu Slams
then ther is UESh5(W Sit.

Un
:

= U Vi

Vi = (Up
,

i)
pers by definition of sh

The conation Vilainu: Plains
=> Up

,

i
= Up, whe pekelly

Thus
,

for every p
.

7 Hi s.
t. peU:

take

Up to be represented by (
,

U:/

Then (Upper EShJ

and shows glasbility holds.

exercio : ShJ satisfie the

claimed universal prepity.
Hints : -a morphism F:F-G between seaves

is determind by

(tp : JpeEp(peX
,

the induad map on stalks



· F is( iff it is such on all stalks. - think localizing a module a pe

Ex : Constant (pre/sleaves
let Ac?.

defin AcPresh(X/

by letting A (U) = A with constant restruction maps

Usually not a sheet because for o a sheet

↑(p) = termind object (i.e.
on point

=> F(U
, HU/E FluxFlue

Stu
Sh/A) is called "constant sheaf"

(ShA(p = A

Let 2 = Set
,

Ab
,

R-Mod
, Ring

Then SA/W) = Glocalconstant Putin,a
Il

S (U(en/VpUpp st. ] Up and UpeA()-Ast.

Whn Up , ~Up to , UpUa

E : X C marfeld or XcR" Ox
,
p-guns

open

Ox(4) = Esmouth functions U-IR
critgs

Ex : Defin QAabgrsa
& (4) = 0x(4)

*
= Gunats inmy (4) Oxp : germs of non-vanishlyfunction at p

=> Esmorth functions U : UeIR -5033
X complex manifold or GeD
X cen x= exI

open

ty: 0-11+*
10

X

is an exact sequence of shees of abelian groups

ormdand pullback of shares

fixed map of top spaces
The Opens (i) -> Opens (X

unf(u)

indus
a map shix > shit

: Pesh(x) -> Presh/4/
JBEF( : = F(7"(u)



Thm : Ex admits or left adjoint

↑Presi Presh(X : Ex

And F* = ShfPe*

is the left adjoint on shares

Construction : ↑**(V) = colim(u)

&acfur

Recall : F : X- Y map of topological spare

Sh(X) = cat of sheaves of sets on X

Thm : There is an adjunction ** Sh(Y)Sh(X) : Fo

If:

* G(ym) = G(f"(u))

One approach ! Adjoint fructor them:
a functor is a right adjoint

=> the functor commutes with limits

The check E commute with limits

Alternatively,
** 5(V) = colim Flus

por unflue

Homsu(x) (f
*

F
,
G) En Homsu (F, G

fix- Y
Voren Vore(+54G)1(57) v U ,

w

# (f (W) : "F**(F(w) -Elfin) i M(u) : F(u)- (f"luff
Il

Colim Flu ↓ ↑
Wa flfInf colim /W
Ucf(f" (u)y

waf/f"luf ⑪

&p : let is : peX be the inclusion of

a point of X
.

The

X
stalk

(ip
* 5 = Fr

# definition of *



Ex : Sh(403) :
Given AcSh12p3)

,

the seascape
shef on

X for A at p is

(n)(A)(4) =Emin
Il

Alis(a)) i.e

.O inta

2

De: A rinspace is (X, 0x) Where X is a top spar
/

and Ox is a sheaf of rings .

A maphism (X
,
@)-(Y, Or of ringed spars

is

F : X-Y a continuous map and

Ou Fy0x
or equivalently ** Or + Ox

eX X top spar
,

Ox(W = S continuous functions Helle3

The F: xeY a map of top Spans indues

a map of ringed space

[X
, 0x)- /Y

,Ou
On Ox dind by

O(u) + Q) = @lf"(u)

g : Her /Fue

Let Sh(X
, Ox) denote the category of "Shews of Ox-module"

↳simiWhatie
groupwhose objects are shares t on X of abelian groups

together with a multiplication 05 T ther is a shaf *G defined as

St
.
00F Mos

05 the shertification of UreF(u) @ GlU/

↓ 50,Mr ↓Mr

005- T

My
- other words

.

F(W) is an Ox/Wmodule so that restriction maps

give module homomorphisms
Ou lu



· Ginn (X
, 0x)-> (Y

,
Ou a map

of ringer spaces ,

there is an adjunction
fige : Sh(Y,Sh(X,:F

space

who f F(4) = Plf" (u))
G(u)ef"(4) - module

W
ring

note : F/F"(W)) is naturally an OH)module

FG = F*G Ox Whe Ox is an fOura

G is an Or-module via the map of ringed space

- isanmoda **0
- 10x

iMotions of Share.

it5

let F
,

G be sheaves on X

Given 0 : Flu
.
+Glu

:
morphisms there is a sheaf Hom (5

, 6) on

of sheaves S.t. * given by Hom (5
.

G(W) = Hom /Fla
,
Glut

Pilanu Pilana,
N

then we can "glue" the morphisms:
+Shelfhoms determinate

to form a sheaf morphism 0 : 5 G

i
.
e. Plu-Pi

i

Thy: Lexwinincily

DiningShares :

Given slas 5. on
U

: and

·somorphens Filainu
:

F Filmus
satisfying on U

:
U;U

PiDii Dik

then
,

there is a sleet F on X and
Si

isomorphisms Flu.F: inducing Pijby U
:U: Pi

,

unique up to unique isomorphism.

UX
Resinu

is an equalizer defins

Plus

restruction maps F14) -> FIV) defins by



induced map of equiliem produced by

FilueeF: Inu
FilmuFi(unuinu,

This defines a presheet.
We need to check

" separability
2) Gwability

Chal I : Sps
U : UW,

j

and U
, la

;
=Unlu

; Vj

=> Vilujnui = Unlwink;

*Sepubilte

U : Ve in Film:nu

equilizer dof of F =

U = U in Flus

schemes

Guingsleaves'

X topological space
11

WU:

its glued

J
,

shaf on Ui

:Filmu
:

E Filmus A
"Coyle

Sit. MioPis/ununun : Pinkansen

Thes then is a unique sheet of up to unige isom. Fi =
colim FlUp :

/

and isons
. Flu. F St. 4

.
0%" : Dis

blaof pin Ui

construction : F(U) = [pi peunu :
e Fill impaForag

an
a35 ES

remark: for pe KirkinUp, we have
upivUp,j1Up, =:Upisk

Pil Voilupisa) : Vilupin
DisOpilup

,=Opklup
,
is

Ba Soslapisif : Ep klap,k

=>
P: /Filmin) = Volun - Pittila inf



↳ cocycle condition PicDij = Pil Shores this holds

This allows us to show F
: -> Flu

:

is an isomorphism.

Take JcFi(u)
The Up

,

i
= 0 for all p

Up i
= %:50 for all peUnU for all jes

is an demt of F(W)
,

i.e.

satisfies v becom of cocycle condition.

Shareson a
base

Recall X topological spar,
a bbsis B for the

topology is a subset of the opens

Sit. every open is a union of

union of elements of the bas

op: If B is a set of

subsets of X S
.

t.

(1)X

(2) Vi
,
Uje,

UpcKinKj
,

this HeB

with peUCUinU,

Then the set of unions of elements of Bisa

topology on X with basis B

A basis B is a category with

ObB = basis , dents = open subsets of X in B

The is a unige Morphi VU when VCU

Def :
a sprelshed on a basis B is

B2

satisfying
shert [ #(4)Fun

is an equilizer for
any

U,U
: B

with Us:

Thym: Restriction

PSh(x)- PSh(x
,
B)

is an equivalence



"Lmakeschemged
spars

which look locally like a ringed spac

called Spee A associated to a (commutative

ring, A

⑫inSpeed An

Spect : [P/BCA prime ideal
print

ex . 1 field speek= 31013 ·

· Topology Spe = ((+13 ⑧

· sheaf of rings k :TSek(+) = ((t- a)(ack)u((0)3

skiTopology of Spe A e
Closed sets are

those of the form Spec K(t) = ((0)
,

(f(+) f(t) irreducible poly
v(5) = [BTP5]'prime, espect

-(t+ 1)

for some idea 5. iin
M

Prog: this is a topology (
[U(5)) Jiden of a3

(urI =A) See & =3(0), 10) p prim number]
defies closed subsets of a topology

must check : Spee ((x ,
7) = ((0),

(x- a
, y - b)

,
(x - a)

,
(x y) .... )

IV) &
,

X closed (x-a)

V(5
, /v ... UV/In) is cload

If:

I Vlad is closed

:1 X = V(0) d = VA)

12Visit
↑

smallest containing ideal

(3) V/5/ UV)5* V15
,
15) (induction)

#DEVI5a = DcJa V

=> P-[5n()BeV(Ja)

(3) DeV(5, v52) Spsx 5, xkB.

the for all yeJe Xy 5
, 152

=>XY(Y = X+Bory(B =yeB = 5 xB



Ank :

open subst of Spect are

[BeSpeAlBP53 for

some 5.

FEA

Def : D(f) = &BespA) B =f3

p: SDI)/FEA3 is a base for

the Zarisk: topology on Spec A

Af D(5) Diff

Pepp: Ariny homomorphism determins a continuous map speef : SpeeB + Spent
f: AsB

If Spulf (B) (
Notethat F" 1B) is indeed prine become

A/fjp) B/
and since B/p is an integral doman

,

so is Als"(

speelf) is continuous because spalf)" (V()) = V(F(5)
to see this

,
not Spe (f) (B) <Ulb)f"/) >5 ff" (b))cB ↑ F5)

ufor =>fff(s))

- 35

Topological properties of (affinel varieties

· Connectedness
,

irreducibility
, quasi-compactness

Connectedness
Def a topological space X isounted
if it cannot be written as a disjoint

union two of nonempty open sets in X

-xmpe/exercise: if A : A
,

x ... xA n

trings

then there is a homomorphism

WSp(A)- Spec(A

Piespective SpeeA , X--XB,
X ... xSpeAn



Chamma
: if A : A

, XAn
,

then the prime ideas ofyA are BxAn A. 4

Rank Speed is disconnected

#
iPA-A ,

xAz A
,

+ S

For equivalently Ja, an A S
.t

.

aa ,
an atant 190]

Def: A topological SpaceX is irreducible if it is

nonempty and not the union of two
proper

closed subsets of X.

In other words
,

cannot write X= YUZ
,

Y
,

E <X closed

cocauterina
an two moveme open subsets o X must interset montillet

Exercise: (i) Let X be an irreducible top. Space.

Then any monempty open set isdense.

will LetA be an integral domain. Then

spee t is irreducible.

Lemma: an irreducible topological space
X is connected

Rank : connected # irreducibility

Example : A- DEX,y speet-
V(x)uV(y)

Exercise : 3
.
67 in Vakil

Def A topological space is quasicompact of given

anycover X=4i U, open
sets

- quasi- don't require
Hausdorff

the is a finite subst Sc5S
.

t
. X-UM:

"every open cover hasaPinte subsver"

* is quascompart - we don't want computness!



sofSesarily dosh

Stat IP) 10

10) not close in see I

[T013= Spee

& X
a top spar PeX is close if SP3 is a cloud subst ofX

E.g. Spen L-prime idals B : (p) p to are cloak

Spe[+] primidels D = (t-a) are clos

itsNullstelesatz

Im: Let k be any field. Then every

maximal idel of k[x
, .. ., Xn]

has residue field :Finite extension of k

E
ris at residen field A/

Excise: let 1 be a field and A- fy.
12algebra

show that the closed points of spee A are dense.

Hint : take FEA and sps DCf +% then D(f) contains aclose point

A= localization at f
f

& is also a fig. k-algebra
Spe Af
↓ closed pts of A (orAn)Pfor whichtheresidam

Prims of A
St. ftP finish by applying Nullstellensate to A and As

emmer/Ecim : reduced
i

A =
12x.. .-,]/6S

k = algebraically cloud feldtpie . In st.:0

and assum nitradical of A is 100

Consider X= SpeAs/A ,
Show that the functions on X-SpeA are

determined by their value at the cloud points of X



idization/generization

Def given two pints xy
of top. Spar .

X

we say that x is a specialization of y or y generization of X

if xc[y]

Ex( = Sp([X,]
(y -x ) ESp((x,

y]

B = (x-q)(y - aY) = Sp([x,y]

↑ is a specialization of ly-xh/

↑
Exercise : if X-SeeA

, g is a specialization of p

=> paq(inA

Bef: We say a point BEX is a geneic point
for a cust subst X if 33

Exercise : Let is be a geneic point for the closed subst k

Show thatB is "new every point of K
"

i.e. evel

open ubld of gek contains I

Freducible and connected components

Def An irreducible component of a top spar X

is a maximal irreducible subset
,

i.e
., not contained

in any larger irdwish subset.

Def A subst YCX is a connected component
if it is a maximally connected set

&eris : Show every point peX is containd in an ireducible comport /Hint: ver Zorn's Lemmal

+ bindwisk
components



a topological space is Nation if it satisfies the

descending chain condition for closed sets
.

E, 7
.

p ... En

is finite

Eucise: Show /"Seeia (note D is not Northerian

Th : Suppose X is a Noetherian top space. Then every morempty
closed subset Z cX can be expressed uniquely
as a finite union Z = Z

,
u ... Er

When Ei is an ireducible
,

close subst of X

"There is a fin number of pieces of X"

Recall : top space X is Netherian if every descending seque

of closed subsets

X
, >X) ... )X

,
> ...

Stabilizes
,

i
.e. JN st

.
X: = Xix for

all in, N

Do top spac X is ireducible if

X = Z
,vZz

With Z: closed =>

X = z
, uX= zz

The Let X be a Noetheria top space
Hen X = E

,
u ... rzn

for unigh up to reordering inenible Zi

Rank X can be replaced by a lusually closd/ subset

with the subst topology.

11If: "Notberian Induction
(existency

LetThethe collation of closed subst

that cannot be as a finite union ofirreducible.



Suppor.

FTSOC
, that J is monempty. Then

Choos Y
.

EJ. Recursively supper

Y >27...>Y, in F

If Yi does not curtain Y...Y
,

with

Yi
,
EF

, stop .

Other
,

chore such an Yix

(can do so by X is Netherians

Thus have in fminimal.

Sinc in reducible
,

hav Yn
: W

,
We

with WitYw
,

Wicload.

but since Yo minimal

Wit this Wi = z
,

u . . . r En
, i

with Zji irredubl

=> Yu's a union of iredubus
.

Sim YNE
,

this

is a contradiction.

nk for Y : Z
,

U ... En with

Z:
idubl

,
we may cosur ZikZ; Vij

by thening out redundancies

Claim : If Z
,
u .

.
. u Zn = Zir ...z

wish z: 47; ZikZ; for all i
,
i

and Zi
,

Z: imeduible

then n'on and the E:

'

can be obtained from E:

by rording.

If z = (zinzu- -Uleinz,
·cloud I

SinceZ
,

is ireduish
,

Ji sit. Z
,

= z : nz
,
<Z,

By the same argument, 7jst. Z: cZ;

=> Z
,
<Z;

Sinc we through out redundancies

= j =

= z
,

= zi

repecting for Ez
, ...,

In proves uniqueness . Of



Let A be a commutativering with 1
,

M an A-module

Def M is Nethera if an increasing require

of submodules

N
,

ENz5 ... EN
;S

--M

Stabilizes
.

A is Netherian if A is Noetterian as

a module over itself. ifever idea

is Eg .

This means #5
, 5 525 -" ...

increasing charh of idents
,

the chain stabilizes

By def of Zariski topology on Spect,
a decreasing sequence

of closed subsets is of

the form V15
,
/xV(52) > ... V5i/-

stabilises
=> See A is Nothrian as a top spar

if A Noethia I conver not tim
:KEXXX

... / See
Spans

Ex: PED's an Nocturn but

Ex : Spect for A artiniu is Northerian (x) P(X,Xz), 5 - " showe K
.

Xe
. ./x ...

on Nothian
Iall maxidals

*

Fa/
Spa #q

All primsin A:TFF an maxim,,

but A is not Northerian

#hm /Hilled Basis Thu

If A is a Netherian ring
,

then so is A[X].

Of consider 5
,
252 ... in A[x]

the 5: U5, is an idea.

Want: 5 y.

we construct Fi
,
fe, .-"5 in the following

Manner.

choose F
,

of Minimal degree in 5.

I5 (f
, ...,

ful
,

the letfax
,

be
any elect of



= If
, . .-

,
ful ofminimal degree .

We claih this

process terminds
.

ATSOC
, supper me construe an infinite

Seque F
,

fu
, ...,fa .

...
the

Fideyfixi
Let 5= 19; defil = 1

.
2...A

B/ A is Noetherian
,
IN sit

5: 19
,def, ..., Nayful

The Fun-bifidastredef

has lower degree than Fix
,

but is not in If,
, ...,Ful

and is in 5.

This contradicts the construction of Fin .

Spart . SetV

· top see
· ringed space

T
now

construct
a sheaf of rings Oon Spect.

·Can constrat O
on

the bass DIf) Ithm that said stars on a bradB: 3 =X = Sh(x1/
O(D(f)= 5A

When SCA is define to be

S =EgeAst. gePYpeD(B

S is multiplicatively closed in the sensethat

9., 9,
ES = 9

,97ES

Aside onlclization

& for any SCA multiplicatively close,

7 AESA units
Y

Sit for all AFeB with 4/9) @BY

for all ges
,

71 mapy sit.

Ates'A

↑
commutes

.

construction SA :

[.d) n
,
2.1 -medalis dindoned to



ex. [[] :Sa
G

-

anywayss... FC S = (g)gEPYpeD()
= A +A[t]

↳,,450
Cam : Alt] SA

is an isomorphism

If: by universal prop of localization
,
it suffice

to show Ages of is invetble in ACE]
this suffice to show fre (g) forsome n

,

the

On is an inversefor
g.

D(g) >D(f) b/ ges ( V(q)cU(f)

eas:

given o ring,

5.
,
52

,

id

V(5
, / >(52)

=
=Naf)

=> In sit. fre(g)o

ettim: Vakil 3. 6-topological + Noetferian pereties

A = commutative ring

Spec A = set of prime ideals of A with

Zariski topology
↳ closedsets are VIS) := [[B] SpuA)S = B)

i .e, set ofpts on which elements of s are 0.

Given A : B +A in Ring
get Spat : Spr As SpaB in Top

3
.
6: connectednes

,
irreducibility

,
quasicomparties

commutenes : non ex: San (A) Sput :



-reducibility : can't be written as union of nonempty disjoint closed subsets

irreducible=> connected

#

v(xy) = V(x)uV(y) in A axes

connected but
reducibl

quasicomputers : Open cover -> finite subver covers X

3 . 7: ideal vanishing correspondance

Start with subst of See A n idea in A

Def: given Suspect
,
theled of S

is 5(5/-1PS A

"Set of functions vanishing on
"

idea

fats : ·5(5)A
· If 5

,
Su

,

the 51c)55(5,/

· 5(5) =51s)

Expl: Let Se/A: Spd(x,4,
z]

bethe union ofthe three axes.

X-axis+ V /4, z/

y-axis 2 V(x
, z)

z-axis 2 V/x
, ye

s = ([37. 27]
,
((x

,
=))

,
((x, y9])

Can check : 515) = (7z
,
xz

, xy) & ([X,Y,z]

execia: A = k(x,y]

5 =(25473
,

((x, y
-1)ISA

SpeA Y

#pinkawis

Q:What are the generators of 515) ?



Would like: VI) and 51) to be invers to each other

chilexers : V(5(5) = 5 for SSSeeA A integral domain

Note: 5(5) always a radical ideal for S spect

fest =↑ vanihs on S for som no

= - vanishes on S

= fe 5(s)

In particula :

v(5(5)) = S if ss

Cham : 5/v(5))= Et for Jide of A
.

#hm : V/1 and 5/1 give an inclusion reversing bijection
between closed subsets of speet and radical idals of A

Th : VIand5/1 give on inclusion revesing bijection between inefeible

closed subsets of spet andinsides of A

# Iskatch) If SaSpent close
,

can write SEVIS

for I a radie idel of A by thu
. 1. Wits.

5 is prin. Let abes

V (5
, (2) uV15

, (b)) = V(5,

a) - (5
, 3))

= V/52
,

25
,

65
,
abl

= V(5) sina I=
.

wer writte

S = V5) = v(5
, (a)) uV(5, 16)
↑ 9
two nonempty cloud subsy

Sinc Sireduble
,

V15) : V/5
, 12) or

V(t) = V/5
, (b))

(abet)= act or bet

De A primida BSA is a minimprim ideal

# it's minimal wirt. inclusion

e
.g. (o) minihul in K2x

,%] (or any integral domain



exertin if A = ring
,

gired. comporti/minins)
reality check/whythis Marks sens:

it /" : Speek(X, . ...Xn]
,

subst cut out by
f(X

, ..., Xe) has irreducible components corresponding
t irreducible factors of f

2. A = Spe1(x, Y]

f(x, y) = xy2 = (x+y)(x-y)

(x-y) (xxy) reducible
,
I comparents

me I factors of f

(x+y)
,

(xy

2 y. A : SeuIR(x ,+]

f(x
,y) = x+ y2 = (x:y)(x - iy)

↑ a

... at minimal Princes of IR[x,7)XxiY

...
199,09

reducible
,
I components defined over

,
&

-y
-

/

- is sea factors of f defind
& S

y overk

* minimal prims/irreducible components depend on field of definite

to deal with this : base change (tenor creffs. w/field extension

"Grand Dictionary blu algebra & geouty"

Algebrain objects Geometric objects

ring A affine schon Spect

BSA primidel point [D] ESpuA
dents FEA functions f on Spe A

f(mod By f(B)

maximal idels of A irreducible close subs of SeeA (closd points

primidols B = J(z) indueible cloud subsets E : VIP) < Spec A

minima prims of A irreducible components of Spe A

radical idels 5= 5: 51s closed subsets S = V15) < Spec A



Today: · 4) : Structure staf

· Digression on modules

· &. 2: Visualizines hilpotents

Kithstructu staDee-

Ospes will denek the strusheet of Spec A

↳"sheaf of algebraic functions on Spee A
"

(Reminder D(f) : [PESA/FKB) from a basis ofdistinguins ous on sent)

Def: FEA
.

Than defin OspA (D(f) : : A localized at EgeA(vegreVCE]
"Functions that only vanish on Uf)")we're shown : SgeAlD(f)(D(g)

Osma(Dif) = An = A[t]

Given D(f)D(f)
respe

,
day : Osma(b() Osma (D(F

by ApteAf
Ospect is the structurestaf of Spee A

Notation : anaffine scheme refers to both Spee A & Opt together
(Sput

, OpeA

Thm: Ospet is a sheaf

Need : identity + gluability

Recall : if tis a shaf on B
,

· identity : if B : UBi + fgeF(B)st.

resp
,

B,
F = r:

9
Fi

,
the Fig

· gluability: if B = UBi + fie (Bil e.
t.

resifi = reBiBif for
any BiCBinB;

then IfeF(B) sit. resbif-fi



If identity) Sos X=SpA-D
i.e
. A : Cities .

Since Spect is quasiconpart,
it isared by Find fi

,

as Spet-D
Eps IseA sit . resxpcfils =0 Wits

.
So.

respcasto in ODIEAs means

Im sit
. As o Fi.

But X =UD(D,
so

i = 1

in particular, A =- so

can write If for some reA.
m

ThusS1-SErf
O

-
= O in A

(glubilit SpeADC and sps we hav

elements ali At O(DC
that agree on overlaps. Assum 5 Fink

,
[1 , ..., 2)

writeIf so that the elements areY,Agi
.

Since D(fil-D(g), Spect = D(9:)
,

and

diyY; agreeing on overlaps menMijAg
(9 : 9,/Mis (9ja: -gia) = 0

Sinn I finite
,

can find m sit
. (9 :9/m/ (9

% 99-91951 to
Vis

Write bi-aig.

m and hi=g.

m

.

Then on

D(9:) = Dhi) we hav his and hibi-hibs

SperA-D hi for some n

Define ri= Eribi eA
.

Claim resxpchir-hilb:

for
anyi

Def: Let (X
, Ox) be an office schem

. Say, XISpA

Asmeof Ox-modules is a sheef I on X St.

F(W) is an O
,

(4) -modulefor all USX open,
the abelia

group
group W

ring

· VEH resuv :FluteFu
has to be compatible with 8x(W)+ Ex(V)

· A morphism 5 - G of Q-muduly is

a morphism of shears st
.

For all USX open,



F(V)- G(U) is a homomorphism of(W - modules

· an example: I sheef of Ox modules for any
M on A-module

.

Bef let M be an A-module .

Defin the sheaf M onth distinguished basis of Spect

by M(D(f) : = M localized at functions that only vanish on Ulf

can show:(D() =My

Given DFD(f)

respect
,

por
:My-M

Ever is a sheef on Spee A Camologous to earlier proff
· This is an OSpeA-Module

Stalks Mp = Mp forBSA prime

Def the support of M is SuppM := [BeSpuA/Mp #03 -Spect

* read 2
.

1 for caution:
not distingrad

given arbitrary open
US SperA

Ospes(H) isa A localized

at multiplicative get of fas that don't

vanish on any put of U

swalizingNilputents (motivation

Algebra Geoty
A Spr A

maxidls <) cloud pts

princidels (-> irreducible cloud subsets

radical idels <- closed subsets

non-radical ideds)-> ???

eg. Spa (((((x(x- 1)(x)
corresponds to cloud set 50,

1
,
23/



9. Spe***(x)
as a st: 303 = ((x]]
but

,
derivative of"at zoo

also zero.

had to formalize
.
Informally,

"Fuzzy point" Gre
Spec([x]

⑫
Sek2,x

,
4)

just See d[xiT/(x
, 7)

·

SeeEx/ ) from

Spek(x,y)/(x
,
42/ T

Spac
D2x,/(x

,
y] r

Laytire: Spe A :

· Set

·Topologia space

· Structure stuf Ox X=Spet

↑ (SpeA
, Ospat) = A

maximal idelsA closed ets X

primidols A pts X xFEP
↓

radiciti5 (FEA/FIB) = 0 VBeV(5))
Ideals+ ???

Spen ((x3[]x ↑

sm
i

sos#



⑭
= Sue((x,+

/(4
, y - x 1

= Spa &[x]/(x-y

Def: an isomorphism in a category 2 is a

morphin F: C
, +Ce sit

. 7 giczes
Sit

. gof-id, fog ride,

Dep: The category ofringed spans has objects
(X

, 0x) whe X top Span and Ox sheaf

of rings on X.

Morphins (X
,@)e/Y, Op

an pas (f
,
0)

,

whe F: XeY is a

continuous map
of topological spars and

& : OueF & is a maphim of

sheaves of rings.

Def: A some is a riged space (X
, Ox) Sit

EpEX
,

the exists an openPUCX and

an isomorphism (4
. In) = See An

for somering An

Def : An aFischem is a scheme which is isumorphic to (Spa A
,BSA

for some A.

n continuous derivatives

Def: a (continuous, smeet
,
R.manifold is a ringed spac

(x ,8) St. UpeX 7 op
HeX

, peX sit
.

(4
, 0x/n) = (IRY

,
Of when O is the

sheaf of (continuou
,

Smooth
, Cal functions to IR.



: We can take disjoint union of schemes

Def: an open subeche of (X, 0x) is

IU
, Olu) for some open UCX

DA D(-[RESPA)FB)

Pop: (D)
, OspeAldife(Spat] , Ost

lodization Spe Af

& AA[]
- SpA! SpA

reclaim the image of 0 is precisely DCf

in D CDCF) : an prim PCA,
does not contain FEA!

Thus L"(P) does not contain F

Any prime 4 in DCF) is contained in the image of Obeeaa :

L(4) guats an idel : (14): [EAlac
L" (4(414) : [acA/]be4

,

he s.t
. byn = a in Ab]

byn : a in Ap

( fm/b- aft= 0 in A

fmb = af" in A

be4 = afq

-44 = acd (primp

=> L"(L(4)2) = 4 so 4 in

We want to see Oscualpi =Estate
on distinguishe basis D(g) c D(F)

When J is ine of
under localization

Ospus(D() : Ag:A E)SheA(h(p)+ ofp =n()
& OspAy(D(g)) = (5)Ar

Note S' = [En) ses
, ne]

=(A



Let (X
, 0x) be aschem

Ruk : given Y
Them is more than on natural choice for schem structure on Y :

... Vl5Y= V(5) = V(5) Spat

(V(5), OspA/gn) are all schms

Recall: -Shef on X peX ip : (P3-X

Stalk: Jp:-

ip
* F = colim Fluf

U7p

Aw: (Osmalp Ap
Rank: in particular

,
Op is a loading which

mens it has a uniqh maximal ide

: A lowAltringedspace is (X
, Ox) a ringed

Spursit
. Ex

,
ar local rings

Schme
,

manifolds are locally ringed spaces

for UCXandUe On view U as "function" on
U

whose "value"af pell is defind Je Op/naniasidez
U(p) = j def of reside field

k(p)

(Sp((x,
2]

,
Of

example:iO(()

P
= (x- 3

, y - 5) cD(x(y2-x))

F(B)= = K
tip : Ape = (b)

3y - 5)
I

(d) eD(x(y2x))

gerept Residenfeld =
<(x, 4)

6

Flu)-T

SpcQ(x,]]

[y-xz) = (y- 3)

(x-2
,
4

- 1

Reside field (7) Q Q



Let T be an Ox-modul on a locally ringesOx
Bef: the Fie of Fatp ,

This is an reatorspar over Ox/p
its dimusion is the rank

Examplesof schews

Create by gluing :

can glue top space

can glu sheaves
(ij

.
O&(Xi

,
Oxi

-: given schons [X: Sies and
open Xij <Xi with Xi= X:

and somorphisms Eg"XijtXi of ringed space
with Fr -idx

,

and cocycle condition satisfied :

·xixisFi
In particular, we need F (Xis) & Xik

Then flow is a uniqu schem X with ou corr X=X:

inducing the fis

# projectiv spar
IP' is formd by gluing Spu At

to See A[n] along DCFDCuP
+

for simplicits,
let A : I

State *
↑
* Riemann Ste

=u "U = *
"



↓ genupt.

Points of P : (0Ek[t)

T I
(0) 4 [+, #]

112ThisDis has one point I crin]
Y which is identified

↑

with the gener at on both
Cor

C[u]

Spen DCt] and Suc[U]
closed ots (+ - a) = (n-) a

*

(t) ,
(H)

Van kevator sa:

IPV = v =

Soex

EIRX

clos phPPC
ef A com X is a ringed spac (X, 0x

which is locally isomorphic toSpent for some A.

let an affeschen is a schemisomorphic to Spe A for

somering A.

ex . SaQ(x, y()(yn-x(x -y(x2)

Nonexample Spark(x, +] /[10
,03

e

isaSchembut (

Recall : In Spa A
,

any cload subset V(5)

has the property

5(V(5)) : = (f) f(x) = 0 (x V(5))

Il -[fe
B



U
-

Now
, O(SMc(X,43703 is computed

kernd f-g = 0

Y
+g(D(x)) = ((x,y,*]

o - 0(u)- &

g= 0(D(y))

Becom
U-Dubai

from
X

(
& e ↑minutengrenX nonzero or

Yhunzeo
↳

so no X
, y in

=> OW = ([x ,Y] denominators

= O(1)
Spee"[x, +]

w
Horton's then (this is clow to a port,

we aren't using this

Vu((
J(Vu(5)) = ((x,y]

F : (x, y

SoI not affire scheme .

Reall: X
,

schemes its

andis for i

and isomorphisms Fij : Xi Xi

satisfying the cocycle condition

Fun
Fi (XijXik) Xik

then there is a unique scheme X= UX:

Sit
. Xij = XinX,

andFij is the composition

XijXx * Xi

Ex See A, ....]

Ex : Komn = Sput(x,
= /y - [03

Ex : affin line we doubled origin (Scheme butnotaffirm



SectiveSchemes

IRIP"-IP(ID)._
= Clive through origin in IR

**

3

=E(X ...-

,
Xm] EIR

**

I not all X: =0
,

Exo
,. . . ,

Xin] : Go, ...,
Y]]

RhS[l , X
,

..-, Yn](x: c1R3

Uset

IR"- So,
X
, ...,

xm]/ Not all X: one 0 and [0,X
, .,

Xe] : [0
, X

, ...,
Yn]]

Ex: IRIP" = IR"
o

RIP

advantages over IR3 :

· any two live meet

· compactified

Runk : given a homogeneous polynomial
for degreed,

f((xxo
,...,+xa)) = X

*
F(x

,-,Y
So well-definedto depre

V(f) = ((X
, . . .,

Y-]CIRIDY/f(2x
,

..., xn]) = 0)

E fixtiz)
V(x2+y- z3) <RP,

,
2

=RUIRp
(( , 4

,

7x3)[0,
7

.z]

v(x-yzynIR= ((,/(w()=(
v(x-yzYnIR'=(20,

1,13
,

20
,

1
, 133

Picture : Spanyu-(x-5)(x- ~ ...(x-/

29
.rationaa b elliptic



top space
v X = ((x,y)c((y2= (x+) . - - (x--)

iapatents

E : Vlfnc? Seekin
or spen d-2

Sper((x, 73/(x2y2-1 /Oy2= 1 - x

curve X has gene

-

...
-

g holes

genus = 9

rauk H'(0x) = 9

-requent that Exp be a local ring (uniqu max ideal

Def: a schum is a locallyneedspace

locally isomorphic to SpecA ↳ (x
,
0
,/

top sport sheafofrings

Recall : For Of Structur shaf of Spat,

OApA
isomorphisms

Today : morphism day

Remark : Chinese RemainderThere

5,
...., by comaximal /Ji +5= Ry

R
,
1 ... 15;

eTR/55

e.g.a pret the

/(20) = 4/ex 4x4/

↑set 5 : Offic schews an opposite category to Ring



Spe/20) = See sa * Spe
Coped/disaht

unic
A =ring =SpeAEx, ... a]

Ex: Ph is the sche found by gluing not

copiesof as follows :

it wp-Spar A(,, ....*]/(x - 1)

Gue D(**/) to D)*/

# A

Spect, ...2]/ix * Se A(Xo,,...,
*

Y]2i]/2x
Xi, re
i

cocycle condition - cancelling denominators

constratigradd rig S
.

is

S=Sn of ablie groups
nEL

and commutatio mult tensor product->
Sn * SmSnom

Making So into a commutatio ring

·Sn is called the group of homogenes elects

of degree n

· An idea 1C5
.

is homnguous if it is

generated by homogeneous elements 5 = (fa
, ...

<C)

Most facSna

HFEI F =fin is the decomposition of

f into its homogenes pots
=> fines

Phishomogenolinaam

feJage5



Ex:Sy declarity each X : to hav degnet

dega = 0 for act

eX: (xy +y3) not homogenes
(x+ x

, Xy, y) homogeneo

Def: a Eno graddring is

a1-greas ring S
.

suchthe

Sn=0 for all no

Let S
.

be a Eao-grads ring.

we will defin ProjS
.

a scho

Ex: ProjA[Xo
, ...,

Xn] = /PY

Hwa: Ulf) < IP
~

Schu FEAEXo
, ...,

Xu]

horogenes degd

U(f)E Proj Axo,
....Xa](f)

Defe St Ex: S
.

" DXo, ..-

,
Xn]

to k the "irrelevant ide"
Sx = (10, ..., Y)

Pri S: Set
ideaavoid the origin

· top Spar

· (loca shef ofrings

The underlying setof ProjS.

= SBCS/Bhemous it is
FeSn nt

Let D
. (f) satProjs .

denote D
+ (f) = (BCS. /P horogenes primid of S

., DPF &PS+3

Ru : S
.

[A] is a Igraded ring of day't :deg

op : the is a canonical bigation between D
.

(f) and Spec (S
. [A])

homogenes digo elements

#f: Pollars from Lemma



Lemma
:letobeagradering

W homosea

Ther Aot A indues

Spee A
,
< &BCA homogenos prime

bijection

of given a prim BC So we will

construct a homogenes prim in A

Let Q- im a a

On =JacAm)YmcB)
· aEQmE ae Dem

let: y since are Dum
1

a
E

↑

(E) : a
,

be Qm = axZabbe Qum

pimo
bym

· a
,
be QmLabedem

=> atbe Um

=> Q=Qm abelian group

Q : Am Qm idel :

Suffere : for beti ae Qm
,

abe Qium lab
&

B

Q prim b for homogenes elements FEA : geA;

Sit.
9

. 92E0
,

whan

la
unof Nin &

So Q a homogenous prim idel of A



Reach .PartSaQ
Spe(S[=])

.

= D. (f) <Projs.

=P

5. is30 grade ring.

Let T be a set of homogeneous eleats of S
.

defin UCT) C Proj So to be

UCT) = (PainS. /Phomogen prim.
+c. U+T

,
PPS.)

kenwa : [UCT) forms clost subst of Zariski topology

ED-
(f) IfeS:

ison from bass

The map of sets

Spe S
. [] D,

(f)
induces

a homompism of topological spans.

Now we have Projs.
with a Zoriski topology

from a structur shat Ors
. by gluites

(Ospus.
(Eb.) and

Opejs
.

(Dx(f) = S
.[] - Scheme

Blowingup

Bl
.
/" = [Sp

, (es)) hisa live throughoa
C(x1p

&

-
Bl

.
/
?

= V(Ey-Ex)c(x
, y

x (P(x
,
y]

circle at S

-

*
Co,

IP'

E- exceptional divisor



Bl
,
/" = Proj(k(x,1] (x

,y)0(,450 ... /

BlyX = Proj(0x505050 ... /

5(Y) = T

-ji

↓ ↓
Q(x) + G(x)-(x)

Wehan<o graded rings :

k(x,y]a(x,y)0(x,y0 ..-0(x,y)0 ...

↑

=
medunderstanais

I

Projk[x,](E,I] =Pican = (pek(x,+] + (p)

= ( x(p) > V(y * -xi)

Y = V(5)(X = SA
ICA ideal

BlyX : = Proj(5050 .../

-OU :

the exceptional divio is IPNYX

Def :
a morphism (X

, 0x)+ (Y
, Op

of ringed space is a continuous map

XFY and Out Ex

· morphisms ofringed spass glu:

Given X = UX: an open cover

and morphisms (Xi .OfilY , Op
M

unigunstruction of Oto Q
:

Sit

Pi(xnxi = ((xnx



there is a unique

p : (X
, 0x) - (Y

,G
Sit

. Plxi-Pi

Ex : Let A FB be a ringmap

Defin (Spu B
, Op) + Spart, Op

by F : SpaBSp A

f(p) = (ft) "(
Then for all get, f(D(g)) = D(f* 19))

Thus Oa(D(y) -> Ex Op(D(g))
113 112

A(t]
OB)D(f*(g)))

i-
113

universal
propet
B[Y+(y)]

detumby a map ofshare of rings

Possible: defin a morphism of schemes XY to

be a map ofrided spaces sit
.
- cover of Y

by open affines spart and a cover of f"(Spu) by

open
affies Stu sit Elspet: SpeBesport is indud

by a ring map A-B

Say (A
,

My and (R
,
B) are load rings

A map
AFR is a map of load rings

ifRIP

Non-example: ((x(x- k(x)

Defi a morphism (X
, 0x1-(Y, Or of locally

ringed spars is morphism of ringed space 5.6. XpeX

thindntma
De : A map of schemes is a map of locally ringed spaces

op: A morphism of locally ringed spaces Spat & SpaB is



the morphism induced by F: Op(spaB/(smB) = OgSpA
11

" A

Runk: this implies ourpossible do of morphism
of schemes is equivalent to the official det

Lea : A morphem (X
,8x/e (Y

, Oy determines

k190ck(p) #preg whe Apex pr = Oxp/maxide

If: Ou
,
+Ox

, p
is a map of local rings

This Quilha Or e

Kip
and an map of freds is injective.

SpatfeSpuB f : B-A

Afprop we want to show spaff
Take peSpaB. Then p is the kent

pcB + k(p)

g is the kere of A-klq

sps fig) = P

we have a committin diagram

B- k(p)

↓ inctionIf to t

A- k(q)

This q = ker(B + k(p) =

Her (B* Heka))
= (f#" (P) the on topolugal

spaces

Saf
*

= F

This for all ge
B

,

-"(D(g)) = (Sm+*)"(D(y))
- D(ff(g))

The F: Op(D) Fx(DCFg)
112 47

B[j) Areg]
BecomeF is a map of showe

,
restriction indies

a commutative diagram from global sections



O(spa=BAff*Sm

↓ d
OB(big (D(a))

↑ 112

↳] onl ou sub Ag]
map
f)Dig))

Thus f(Dig)) = (Spuf*(D(g))
=> f: Spaf

#
as desired

X schm X(Spe) = Morsches (SpuA,X
I

X/A)

ex : X = Spep(x,+]((y? x(x1)(x -2)
Then X(10) = ((x, 4) Fp2)y2 -x(x- 1(x2) = 0)

X(A) = ((x ,y)c((y2-x(x-1)(x2) = 0)

X(1Fp-) = ((x, y)e(pu)y2-x(x- (xx) = 0)

(q(X(k(9) = (p)
W

1 : 1 (geX(k(a) = 10)

Exercis 1
.

1
.
D.

A ring
M A-module

-> Estert on Spent
(D(f)) = 5MQM = Sh

Whe SA consists of functions not vanishing on DCF

kenma : S"MEM
-

= MopA
This is a shaf become for any cover Spa A- DCF

0 -MeMMM
-> map

O,Fet
bilinear

Def (6.
1

. 1
.) A shef f of Ox-modules on a 05 E) JCU) is an

Lux de Ox(U) -moduleSchuisatifaa 05 and restriction maps are

Module maps



is isomorphic to My for son A-module

Ma
k QCoh(X) is the Cabelia) category whose

objects ar quasi-solent shars and whe

morphisms are shares of Ox-modules

Goal : make the algebro-geometric analogue of the following
lime bundles as quasi-what slaves :

P > U

d
U > Uin bundle

v(x2y2 z2)cPiya = Proj ((x,y,
z]

5
this shouldMafrnc-lio

is a sation of g.
2

.
Sheet invertible a.

C
.

Shows

disomorpheto O 11

-> ala a live bundle locally free of rank I

ph(e) =

kn - 203/(0
, ..., xn)w(X, ...,

xx) fe*

O(m) =

(C**
- 203) x4/(x

, ..., xn) x Y-(x
,

+,
xx)xxy V+e*

↓
p"()

Sending (Xo
, .... Xn) +e (Xo

, ...,
Xn) Xf(Xo , ....

Xe
Il

(*
,

"
,
**)n(xX

,...,
xx1) x +(xX0

,
-

, xxy)

gives a well-defind map
= X

*

f(Xu
, ..-, Xu)

#"(d) - O (m) for
any homrogers

poly f.

The 16 . 1
.2) A sleef of Ox-modaly I on X

is
9.

C if there exists a cover of X by open subscure

Spa AcX st
. Elspe FM for some Amodule M

.

Lemma: (5.

3
. 1) Sas Spart and SpuB are open subsches of a sca X

Then Spa An Spat can be covered by open
affines Spac ,

which ar distingu open offers in oth



Spac = Pa(f) = SpApSpat

bicf
112

Soui

#: Let peSpee A SpaB .
Sinadistinguised affine

opens
form

a buss in the Zariski topology
,

we can find

DeSper ApSpA1 Spa

and likeace

peSpBg < SpaA

ge 0
,

(spB) - 0
, (App

-
With g'eA

The SpuBg = Dp(9) =Di
= Da(g) = Py(fg)

The SpBg is a distinguished open affin ofboth

Spe A and SpaB

Communicationmmtpbeaa
Sps P satisfies :

(1) If Spen A satisfies P
,

so do all the

distinguished open affines Da(f) = SerAp Spect
n

(2) If spat-Used and Se Af satisfie

P
,

the Spa A satisfies P
.

Then Ses X=Spat: and Spe: satise

Then O
open Spa BCX

, SpB satisfies P.

If: By Lemma 5
.
3

.
1

, 7 cover Sar B = U SpecBr
:

ie5

with Span By:

simultane distinguised in both

Spa A,(i) and Spar B
.

We can assur I finite :

emma:foran, Spect is quasi
cona



The 1 V(5:) =
iEJ

it:
= (i)

#) If
, ..., In with fi in son Jj,

and = Uu-ui-Spat

So Spa Be has popty p by (11
,

and by (2)

Spr B has poptp

To prove the the that if Float ,

for sow ce

X = U Sat: is 9. 4
,

the Fis 9. C
,

it remake to
i=5

show that the proply p of
opes SpeeB < X having

*speM satisfies (1) and Cr).

(1) : FlspaB B

So FlsmB:MusIspaBi DB(g) = Dpy(fg

=M] p(D(g)) =(g5]

(2) : FlsmBr,M;

Whe M; is a By module.

Defirth B-module M as in the exact seque
+MeMiMi = 1

↓Tr
:2

- IsmBrinspe
imImbollsmb

Show that the is a canonical map

in -Elsm
and that this canonical seap is an isomorphism

IPs" covered by the open office

SpeA[X:, ...,: ]/(Xi-) = D
,

(xi)

we construct a go. Shut O(m) on IPM



Ocula
, ei)

=Ol
on D

,
(xivD

,
(X
j) we glue vin

isomorphans Dij satisfying wayche condition

"polys of degree m in homogeneous coordinates

= poly of degeo "(xim = +x() =((~u
f -fo(Xi)

m

Dis
-

A2x
,....&] A(x, ....

+/y-[]
-

Oji

Last time : constructed a sheet of Opn-moduleson
whichiscolent in the sena that when we have

Spdcp O(m)Spe A
= My for some

Amodule My .
In fact

,

O(m) is locally free

of rank I

Yet A shaf F of Ox-modules on a scheme X is locally free ofrankin if

there exists an open cover of
open

affins Sou AX

sit
. Elspet

·

O(m) constructed using open cover

ED, (xi) -",3of

Proj k[Xo,
-,

Xn]

ring

Dali) Spen[, ..., */(+

· our Ob
-

ObDOCM)/D.D()

automorphism

-yenga
moshismofmode OD

+ (Xi) vD
, (4)



-

Note : by O is 9.
C
,

we han Opin, = O(DD

OCD, (x)nD
+ (x) = : Ais

is determind by the map on safire D
,

[xi) ~D
,
(xi)=>DopAi whic is anti-mode homo ise

· Similarly,
constructiy locally from stars of rank n on a

cover [Uilie5] is to give new invertible mutrive

PijeGln(Ox(uinuiff
Sit

BloP) = Pikluinunu in Gha(unusua

G(m) (D
.
(x)nD

:
(x,)

is a free model of rank I over

&(Dx(x)n()+ (xj))

A "gluing-free" description:

O(h) (D
,
(inD

, (x) = (k[x, ...,x][])
Pi(1) = X

:

"

=- Choice of basis

· Given shares T
,

Gof Ox modules on a

Schom X
,

FQ0
,

6

is the sheaf of Ox-module given by steatification of

niF(u)G(u)

# Fand G arec and Ser ACX is an open
offic

,
the

-

500
,GlspA-MON

whe Elsati
and GIspat **

slatch : Defin present on distinguished affie busis by
UnF(u) * Gly

This is a shaf become

(M *AN)(E] =M(t]AcN(*)
Invok equivale ofshers on distinguished offre barn and

shows onX



· Chin Om OmIph

& transition functions for Olm) @ &(n) is

(X/)m(X/ = (Ximen

ClosedImmersionhism f: XeY of sches is calleda

closerimmusion (or do tembedding) if for

ever SenteY
,

f"(SpeA) is affine
F" (SMA) =SpaB and the indued map A-B

is surjective

Lemma: It suffices to check thatI can be covered

by open
affins SpurA with the given property , P.

A: By the affin communication lemma
,

it supfinsto check :

(1) if p holds for Se A
,

thn p holds for SpeACEI = Dalfe

(2) If spen A is could by Dalfil
....,

Palful F
, ....

FEA
,

and

Dafi has propty p,

then Spart has popty p.

(1) : By assumption, ili" (spat)
is the map SpaBSu A

induadby a surjection of rigs AB

SimbitentioniseBlit] = Bot(t]
is sujjatie. Then :

" (D) = &TcB/prim st. li **(B) **)

commutatiD
1) give o -usn't m"50 exact seque of A module

,

OeMM'Mso alw ent

2) BicB[] induces a bigti" (P)-P

Di(g) = SpaB[5]

hypothesis the mal

2) Now we suppor(Dasfi) in Dolf

is identified with
spec of a surjection of

rings, BAlt
The He how an exact sequence



A - AtCl

↓ ↓
U

it

: "(Dalf) = SpBlit]
=saBel]

=> kam ios

Bil] = Beli
satsfying wayche with

Let B= kerp .

Then

-ACl

! ↓ ↓
·C

U

snak lenmelish

We have
g

: As B
.

Claim o surjective

S

602 asidi

M module over ring A,
N

Sp.
cauer , Dif) = SpA

The M =o

My
.

=o
Vist

, ,
n

& (e)/
(() Tala meM

Sinc Mp.o,

In
:

st. Fim -o

n

D = Dif) So , -Spent
/

Thyr
=> (f,

"

,...,
fut = (1)

=> Jaied st.
Eaif

= InM
,

m = Edifi =

= Ea: (fim)
= O &

So if g
: MeN morphism of modules,

ginjecting for all :



If: MiNecokege
Sinc localization exct,

Color(97
:
) = Kolarg)

By perior Lemme
,

Colang : 0 () Color (9fi) =o
Vi

Por injectivity, replan O-kerigeMen

f A morphism of schemes FixsY is a closed immersion

if for
every

affin
open SpBCY, proputy P holds

,

when

D: F"(SpaB) is an open
offire spat

and thindand map of rings
B-A

is surjective.

Thm: it suffices to check properly P on an

open
affine cover of Y

.

P (finishe : What remaind to show was that for

YSpaB = SpeP(fi) suchthat

SpuDp(fi) satisfies P the Sea B satefs P

By assumption ,
I" (DB(i))= Sparti .

Sim

ExE(Daff A m

have a canonical is (Ailf,A f

0-B-TBi-B
+ E

-A -Za
lig

we claim p surjection. It suffices to see
p.

is

surjectin Vi by kammer.

for this,
it suffice to see Ap.-A:

is an is

Sin Ous a 9.

C sheaf and
"

(DIf is

coverof (spaB

A = 0x(f" (spaB))
Sinc Ox 9. C

,

caronied
ma



8x(f" (sp B!) + 8
, (f"(SpuB))n(f

*

f +0

↳ ↑~
Of (m)[]

f: X-Y
n

F(SpaB) =USpati
and Spa A: 1 SpaA;

=F"(P(f)
-spenAil]SpA[

Tak any geB
.

We claim that the canonical mal

O(f(sm)-(f" (spaB)
f(p)[]

Takingg:f: finishs proof.②(f(mB()) = 0x(f(smB)(n( + 0) still exact by localization is

H

opeTige Hi
↓

↓ =
- t11356.2 .Db/Sputi is offer itsimplies an 09.

Of(B) n[fg+03yπ8x(f(SmB()n(g+ -T(((])(v) *9 +0

Thus we have B-A sujecti .

We was to show

that F(SpaB) = Spr A.

We ham Ox (f"(SpuR)) = A .
The

Canonica map Ex (f(SMB))-A
produces (f pat

F(S) eSpA
When restricted to D" (Se Di (fill

this is an iso
.

Since it is an iso on an

ope com, it is an isomorphism

exi Proj KEx,Ti*Y(=xx
**)

↳ /p,

Spk( ,n)/(yr mn+



Lea : if ZeeX and X-eY are cloud immusive,

then zen Y is a
closed immersion.

f: Let SpuBY be an open
affine.(SpaB) Spec

with BieC
. F"(Sper() = Spact with CESA this

(gof)"(SpaB) : spet with BEA ①

Let fix- Y be a cloud immeson

0-51970
jj

Ker

: T is a skiof ideb of Or

P: We are supposed to check that for ever open affin

SpaB of Y and geB
,

the canonical map

TsMB) I (Dp(g))
i↳

(spB)(5]

By exat sequence abom
,!o I(smB/BOx(spuBICt] remains exat

,
commutatio by

T
.didi hi localization is

0- 1(P(9))- Op(Dp())- 0a(Dy(B))

Sinc Ex Ox andOr an
q.

a
,

Faulte an Bos,

this to is also an iso.

So I is quasi-coherent
.

O

Ex: Let fek [Xo
, ...,

Xn]

be homogenes of degree d .

Let X = Proj Ex,/(f)
and 2 :X/ph

the corresponding close immsio is

On
↳polytun

Exercia 9
.

1
.
F : Let Y be a schem

.

diva a q.

C
.

sheet of

idels I on
Y
,

the is a canonical closd immusion

Xcig K

with 0 + + 0+i + 0



rik on proof : for SpeB <Y open affin,

Let A = B/5(5mP),
Glue Sports together...

X = SpeOY/

Let In be a g.
c shaf on a scho X and let

5 : 0- I be a map, shafhom
V Y

Then then is 2 = Hom)2,
0

viewe
as stuf

shof on
X defined
-

Hom/2,
0) (SMB) = Hump (2(SMB)

,

B

2020
Othe gluing functions an inma

S : 2 + Ov 0

LetI be the image shaf.

The VIS)2 X is the corperdity

2cloud immersion

"Vanishinglocusofbe,a

Let X schem and T Ox a quasi-colent
sheaf of ideals.

bec9.
1

.
7: The is a canonical closed immersion

Y EX
sit

. Ox Or

-> 113
&
/

If : Let the underlying top space
off be the subspac of X

consisting of xeX Sit.

VUX o and all go (W) we have

g y
,

for any open offire Mold U : Spect of X
,

we have

5 (4) < Ba
,

whe BxCA is the prime idea corresponding to X



homeone
hism

See 1/51
Y

In particular
,

Y1SpecA = V(5(W) => Y is closed.

Define Oy by gluing sheaves on open cover Spa A 1 Y as

Spa Y ranges over openaffines of X.

On (SpA n i we have star
-

Sabat A/ on Ser A/I1 = YnSpeA

We claim the
y glue . for this

,
we cover

Sper An Spee by opens Spec = Da (91) : PB(9)
Which are distinguished open affinesin both Spec A and Spen B

(proud possible right before proving aftin communication lemma

Recall:

given maps Flu : EeGlai
St

. Pilainu;Plainu,

the is a unique 58 G

So we will construct isussalsa En Bolsona
sit

. Palspacnsanc -

Pulse an spec
and this will determin a unige isomorphism

Falsmansarksmansans
2) Show PeoPasIsmansanspare : Se

salsma-Dalgayact
Since I and Ox are quasicont,

T
SpAl] = Santa (se) Spa[]

Blam



To see that

Plspacnsmc
=Pass

note that I
,

is the map on slavs on Span Ox (Spu
1. 2

SpecC

Indred by modelesomeans

(1)enc
/)(3) =A]** 4

is

-

To "Ye =
a

=> Pilsensma - Palsmarsma
- cocycle.

mk : Saw porce produces S-X
for an 9.

C shaf of Oxalgas

hm: Quoh(X) is an abdia refegor
Thm : Quh(SMA) = A-mod

->

& globe sections our Spen A

col normal shearslost imusions (Chapter 21

Picture : -X embedding of smooth manifolds,

the +TY+ TX + N
+

X + 0 exat

If Y = (5 = 0) of a sation S : XeY of

a rator bundle which is transwer to 0
,

the

NxY = y

Rank : Given F: YeX we have **: Qh(X/QCoh(Y) :Ex
wher for Spe- Spat

112 112

Y -> X
-

f5 = B(SA)
112

O



Let YeX be a closed immersion corresponding to the gron shuf of iduls I.
Then

*/2 is an x/y-module determiningtheunormal

Sheet (Nyx)"on Y

Ex : Let I be locally fre shortof rank 1 on
X

(e.g. O(m) on Iph
Lt s : 0x + 2 be a homomorphism

2(x) ("Section of 2") which is not a zeo divisor in the

sense that there is an affir wher send of X on which

2 is trinal with stand : A- 2(smA
in so i
So not zeo divisor

.

=> orgues
=> I is canonically isomorphe to shatof idels

[5 :02X
we'll prove

NY
= fx2v

Ex : Naseozy =
**2v

for 5:0x + 2 not zero dinson

for J
,
G sheaves on X,

Hom
,

G) is a skf on X

Hom (F
, G((k) = Hum /Flu

,
Glut

· Also shes of Qmodels
,

Both
,

etc.

·for a shop F or Ox-moduly let

J:= Hm (F
, 0x

The round sheaf NX of closed immusion

finex is (Nix(
u

washing : In good, (5)#5

but if I is a locally free short of

rackn
,

the (5Y"-5



Lama: Ic Acting is

= 50A/55/

&
5/2 is an Als module induy a carum mp

5145 + 5/2
iia

Map is visibly subjectiv

5T5 is aiga

i is in Ma. If B imp of ai

=>5-50 is surgation .

52 i in kul

ii've igi's o this defins

5/52-5A/ inverse to canonical map

504/7 + /2
This dfins /In 1 5 * 1/ s
inves to canonical map T@A/g +5/2

Prop : Sps FLX is a cloud immersion corresponding to

I gooh defof idls the NyX ***I

Def: +
, ...,

fret is regular if fo isnot a zeo divisor

and fr is not a zzo divisor in A/CF
, ...,fri)

(21 .2 .16

Pop:

Suppor f
, ...,FEA is a regular sequence and 5-(F

, ..., ful

Then (8/51"En 5/2 conormal sheaf

(a
, ..., and t aft+ anth

-
goh shoofOx-module

lary: Suppose 3 is locally free ofrankn on a scheme X.

let s : 0x-3(scE(X) be a section of

E that corresponds to
a regular sequence under the local trivializations

of E corresponding to some cover of X.



Let I be the image

E
- corresponds to

a closed subschem [5-03X

Then Nas
- ozX = E

fluf : Ms.orX =
*/z

on Es :03

s determines a map )5
ii/52

which on an open U-Spee A is given

Ea
145=0

where S =(t, ...,
ful in a trivialization over U

By pep. iCsYl is an iso
,

thus iPCSY is an isody the Us cover.

If peopl : F is subjectio by 5-(f
.. ..., ful

we show injectivity :

Sas (
, , .,/100

An a
,
f

,

+ ... + anfne52

mod (f
, ...,

fil anfe Ifu?
&

Since (f,
, . . .,

ful is a regular sequare,

In is not a zer divigor in

A/Cf
,,.,-

so anfelt= Can't =0

=> an eff = ant-
,

so
n

=o . Repeating any on An
, -;

a
,

shows injectivity

Def: an effectiveCartier divisor is a locally free shee of rank 1
,

and

a section S : -2 which is not a zero divisor in a come of

trivializations
.

· ES- 03 is the zero locus

(222)Blowingup by universal property
Let X- Y be a closed immersion. The

blowup,

if it exists is B : Bly YeY
a

ExY + X



Such that ExY is the zero locus of an effective Cartier

divisor and for
any

zw

↓ ↓
xY

where I is the zero looks of the effectiv latian dirbor
,
ther is

codimension If cut out byequation

a unic

e
MFi

mk'1 : If Blow up exists
,

it is unigh up to

uniqu isomorphism

Rudz : 0 = 31-03 is the zeos of an effectin Cartier divion

Rus : If X4Y is zers of an effective Cartier diviso, the blowup

exists and is itself:

X-

e

laim : Ses ExYCBRY is a blowup
↓ ↓
x Y

If UCY is lang) open. The

Ensu =B"(xnu)Bluf

d ↓
Xu U

is also a blowup

If: Sp EC W is the zeo locus of an

effective Cartier divisor and we have
zw

d ↓
X14- Mu



Then extend :

e
↓ t 5

=B

⑧

Rank : previous prop combines with BlyY = Y

to show that for any XcY St

Blowup ExYCBlxY
↓ ↓B

xy
exists

,

then B"(-X/
Be(ix)

op : Let Xco Y be a closed immision.

Ses can cover i by opens U sit

Excel Blynul
↓x u

exists
,

then the Blomp of XCe

exity
.

k: We must ham for Be B) = Blanc

Y

&fi We will glu the schos Bla
toge alongap a BlancaUn

- I

When Var =BallanUB)
.

To do this,
we need to construct isos

Tas : Vas Fil
satifying the corycle counter

Partita (agevar-Varl
we should that Was was the blow up of XanUse Hall

Kanus
SamPorU so the is a canoured is by universal pe a



must satisfy cocycle condition by uniqueness anyums
so we glue.

universal propty : exercise

Th: Blowup existsfor
any cloud immusm

X Y

If suffices: for any V(5) - Spen A,

V/5058-↳Proj (1050520 .../
↓ d

ULE) < Spee A

satisfies universal property.

Universal property of BlxY : the blowup of a closes

imesion X Y

xcotien divisor terminal : given Xantis-

BlyFzti
↓t

O B'(xEY and B
*

5x = 5ex
Set

· ExY is the scheme -theoretic inverse image of the closed subscheme,

we'll see next time thatthis is a special case of the Fiber product

· Alwg(x) = z

Last time: we saw that ifthen is a cover

Euabacs of Y sit
. Blow-up of

Ua1X2 Un

exists
,

then the blow-up of X2 Y exists.

It this suffice to show

Thm : Let V(5) < SpaB be the closed immersion corresponding to

an idea 5 cB. Then

V(50520530...) -Prj($105530 .../

↓ ↓
v15) < Spec(B) is a

blowup.



5052053= 5(B050 ... /

is the shift ofthe graded ring

BD50520...

down by 1

Recall : On Prej So
,

we defined a live bundle

Olm S
.
t

.

al=])misbegrem

=>the idea staf associated to 5(B50530-f is

isomorphic to OCI

Ju(5050 ...)) Opej

Spel 5cS.

Prj5/. U15
. /

Recall : We defined a cartier divison on a scheme Xto be

a line bundle (locallyfree sheaf ofrank1 on X and

S : +I Sit for an open office come Up ofX

Sit. Julia = Qua
,

the sections corresponds to

Sa not a zeo divisor in ↓ (Our Ha

Rank : By dualizing
,

I Ox is an idea she

which is locally free of rank 1.

Runk : S
,

not a ning

:
(b

, i in
, .) + Li

,
in
,
...

=> E
,

Y = V(5m0 .../

= Proj (B/05/10 ...)

-Thm22
.

38Sproomedab

with b
,..,

bn a regular sequence. Then

5]nx Sym"(5/2)
i· iz - in #i0... in



Also2 is locally free of rankin

Nyv

=> ExY = ProjSym"(NY)V
= IPNxY

set

This equation is a picture:

->
glm IPNY BlyY

F
areo
Th : ICB ideal

.
Then

V(50--)

EYPrB05050 ...

↓
iExY ↓

Ult Spa

is the blowup

If: he saw it is a catier divisor

Sin I(BJ05-)
, it follows tht

BLUE Sa

O() BJ0---

we wish to show that for all Opej

·Cassuming I is locally fig. Y
(bir,bu = 5 = XmY = SpuB



Since we can glue mapstogether on a cover of u
,

we may

assure W=SenR . By shrinking W Furth if necessare, we may

assum the Cartier divisor corresponds to a trivial lime bunde O2 : On a

i
.
e
,

z = V(r < Spar-w for

Ser not a zer divisor.

0 : B-R

Since Z=0 (VC)),
me

have

(s) = (0(b,
)
,

. ..,(b)) in R

=> (1) = (0,b
Thus Spar

BlxY = Poj(B050 ... /
Let X: be the dey't dent

corresponding to bi

D
+
(xi) Proj BOJQ 530 ...

Dr(W

we define Dale D
+ (xi

as associated to the map of rings.

(Bejej-[]-R[]
indued from the map
BJ050 ... - R

dayd put oft O

This constructs

-We
x2Y

& "(x) = z

=> gB"(x) = z

=> g( "()= z = g((xi) +20



Even I in a catye

the in is also called thefitproduct and denoted WX, X

In other worts
.

WXX is defied by the universa prolly
hx

2.w
exi for +Set

,
WxX = E(,/eWxX/g(w) = f(x)

Th : file products exist in sales (tensorpedut on office
,

then glue

Th : let Y

↳
X =7

be a diasm in Scheme. Then the
Fiberd product X ** Y (=ig/ exists,

which
means them exists

XXYe Y
#xd ↓ B

X = z

Sit for all diagrams

e↑&
X- Z

Aparts of the only

Runk : for A ring
,

X(A) = &SpeA-X

(xY)) XA)(A)
↑

Fiber product in subs



Rank taking z to be the terminal object defines the product

ex: let k be a field
,

schemes
, category of schews our K

This has objects X- Spark and morphisms X-Y

X Y
Spark

Y is the categorical m

If Step 1: this is true for a an open subscheme Cala open immersion

Let X*Y =B"(x)

Step 2 : True for X
,

Y
.

Z affine schese
Then the diagram

AB = -A

↑ ↑
B) C

in rigs is a colimit diagram :

axb Maob

AxB-A
,

B

-Emap ofcre

modul A Q,
B interits a C-algebra

structure by <-A-AB
alread

and giving A B the mult determind
b (ab)(a'b) = aa' - bb

9

so fram

Rota↑s
B-

The biliumap AXBTR
<,b) nefcalglb)

is C-biliner bl fa = gB

=> 7! C-module
map AB-R

abiFlarfag)



This is a rig homomorphism by def of ring struct.

The Affin schoe is opporte category of rings, so
Speed

universal pep
offiberproduct holds for W = Spck.

Spa Rac·
weclaimthatfor
y

schem W thina

W = USpRa
25

We obtain uniq ha: Spe Rasp AQ
Sit

.

Spartani
)Stepde
Spa Su

commis =

halsenkansmar holseRamsar
B/c Spe RansmRp is covered by affines

=> The ha glue to a map h : W- Spa AB

&

Sit. -7.x

_Stata ane

↓3

SpaBSpe
I

commutes
.

Thus his whi by an
hdh

would have to agree on a cover

Ble this shows Affsch-Sch presses limits
Il

Rings
of

Step 3 :

<ps & factors as offire map

Y YZ
whe i is an open immersion and B' is

affinit the sense that for
any open affine,



Spanda of Z
,
(B) (Spac

is open
affine

Sps X = SpaB and Z-Son

are
affine

.

Then XX& Y exists
.

Then

by Step 2step 1

(x +zy)xy,
Y- Y

↓ 1
I

X* Y
- Y

d ↓B
I

x- z

It is formal that

(X *
= Y/xy , Y= XxzY

(universal prop chasing ⑨

Step 1: Sps X= SpaB and =Sec

an al and Yez .

We will

Show X*zY exists
.

Since Y is a scheme,

Y has a cover [Wabaes by open affines
.

By Skep 2
,

the fiber product XXzUa exists
. By

Step 3
,

theFiber product X**(Marup) also exists.

And sinc WanUp-Ux is an open inversion,

by step 1,

XXz(ka14p) XXzUx

is an ale immersion.

Moreover
,

X *z)Uav Up Upf
exists and

Kanuonarcar
a

f
Kan

is a lime
, where Climits comme

X (Kannur X (kanku

↓ ↓
Xalarke X * Hay

is a limit = X* (Manupuy = (*(Kanu/n (X*(anu)



WeWillguXfrom
aa

and isos PipSab Spa
St

But,PasIsamsar-Parsons
e

xuanusnug
andDas" correspond to identifies under these isos

This gluing produces a scheme

We have Tx : S-X (by gluing X*
: Ma

FEx
the maps Us-Y glueto a map Ty : Sey

We claim S = XXzY
U

Sa =[H)(kaf

find

F
It(Fou

, 9) fanuaFleanup, g
because SanSp = X ** (Manus

Thus can exchange the roles of X and Bin (
so the maps

Letual , g : findes

agree on the overlaps of the ope cover

-"Cal of W Thus defining (f
, g) : We

S

# we had (f
. 9)

,
Ifig' the maps would agree

outh cover -"/Ha) and so would be equal o

Step 5 : Z= Spac is affin and i fez and X* Z

arearbitrary
.



Again cover Y by affine opens Wa
,

define Sa = XaUa by step & report argunt from Step 4
.

Ste 6 : Let Zuz'= Sec be a open subot of
X

an affire schem and X-z
,

482 arbitrary
The Xi- gives XxY = XY

↓ z i
-X

x- z

Given h
,

h : W-> XXz , Y
St

.

↳
we havehth'

i monemorphism=> green stuff commis
,

can

fill back" toa from z

hm fiber products exist in schemes

of: We're shown :

↓ if Yx& X-+ X exists and UaCY
,

then

*
#(a) YxeX +X

↓u
has all 3 rectangles Fiberproducts

2) IP Z'CZ is an open subst ofan affin schem t

Band X*ez' and Yez are maps of schoes
.

The X*Y exists and XXIYEXX& Y is a

canonical isomorphism.



Genera case (gluing : Let X-e E
,

Yeez be any morphisms of
sche.

Let dZibics be an on affine cover of E
. Let Zij = Zivz;

Let X
,

= xZi X *inz
Y = B(z,) Yij = B"(Zinz,

By (2) we have file product ssopen immersion
3

Wi = X: xz:
Y

:
) XijziYis = Wij

and the canonical map is the open immersion

Xijzj Yij"(iz)"(Zis) Le Xi * Y
j

by step1
,

whe Ti
,

z
: XiXz: Yi-Zi is the canonical

map.

We will glu the Wi along
Wij Wi

Via the canonical Bo

Pij : WijeWj,
we can do this because

BoPist
wishwis Pill

because both correspond to

&(zinze) YeinzinB"(Einzinzf
14Tz(ZinZjuZienist His (Zinzint112

Wij 1 Wik M
14

Wh:
1 Wi

the is only om.

Then let W be the result of the gluing.
The maps Wi = Xiai Y! FXi

Wi = X: xYi Fi Y:

satisfx, :I wisTailwi
the we hav maps
WeX
WeY

and
we X

D



we claim this exhibits W = XX* Y
·

lef R be a sir and
9

RXY
+4x

&

be a commutation diagram.
Let Ri = h" (Zi).

The
maps

flr
,

and glr;
determine a unique map

Cri
,
grit

Ri -> Wi

The uniques shows (Alai
,9aImim(lri

, glas/rinki
the the Cfm

, glmf glve to

(f
,
g) : ReW sit.

f

i
S.

t
. (59) is unio by any

two would hav to

agree on the cover Ri. *

Y &

*
xy *2)
/

ex : SprB) Spa B(t]

↓ ↓
Spat-SpA[t]

exi <ps YC - is the cloud immersion

corresponding to the each shell ofidals I



Then Xi"XXY
↓
Bi Y

has i' the closed immersion correspondingto*
5.

Ex: we can combine the previous I example

Spek[X, 4] k[x, y
,

x)
,
y]

y
,
(9) x(x'1(x2((x) 3)(x1)

↓
↓

sak1
Search y(x -1

Ex: Saintt

·
aset

athena

↓

San
let

↓ ↓
Sek[t] Sek[t]

E : fileproducts of connected an not necessary connets

mess
↓ ↓

Su SpR

exsys'-(2(1z) = Sick

↓zmz

is a
p



15.

2 fundor of points toPh

Recall : Given a line bundle I on a schem X and

sections So
, .... in2 (X) Sit.

VlSo, ...n) =0This is equicent to saying that
Ox

,/Mix
for all xeX -i st. Sixie2xy is nonz or

=> D(si) = X-V(f) cover X.

We constructed

X-> IP= Proj BE,...,
Xn]

j j

Alsif - Daxi) = SoB(Xi,*/ (x-19

O(D-B(
,...,/ - 1

defindly Si%
.
1%

These glu by problem set
.

Th corresponden indus
a bijection

between maps X- IP" lover By

and [2,
so

, ....Sn)/2eX is a limbundh
,

Sich(X)
,

Vo, , Se) =/ MegFor
do (2

, So
, ..., Sefe (2

,

So
, ...,

Xe
correct to the some X-Ph

If we construct an invea bijation: given

X FelPp"= Proj B[X,. . ., xn]

let (2 , 5.
, ...,

se) = (f*(1)
,
P

*

Xo
, ...,Ex

M

O(1)()=
verto

spen.

We show the map fixe that we constrates

with 12
,

So
, ..., suf is

(f)(D,y =D(f(y) = F"(D+ (x
,y)

F and ↑ restricte to D (f
*

Si) :

1a



Now let fix-1P" In th map we

constructed from 12
,

5
.....,

su)
.

Then F
*

(OCU
is tridized over(D+(x) = D (si) With

transition functing ***x = %
,

which give
transi functions of 2

.
Sineth DCSi) cover,

we have I#* Oll) and under this is

Sif
*

Xi ⑳

E (Vernes embedding

O(p=moremids in Xo
, ..., Yn

homogenous degreed

Let Su
, ..... Sm m : (di correspond

to ther monomials. Then the resulting map is

(Opr(d), so,
, ..., 5(d)-,

pr-plat
"Ith Veorea"

n : 1 "rational normal curve"

PSG posted - please assume the cubic surface is smooth
,

in the
Mer

Sena X = & f-o3 <P, /fek[Xo
,

X
, Xe

,
xi] homogenous deg

Ullof
,

daf
,

denf,
def= 0+19Tx- Nex + 0

Thym : There is a canonical bijection between 0 - TX + TP3eNxxps to

pullback import

maps of scheme maps (X
,

1PY) = &(2,.... sell M 1

& line bundle on X and

5(f) we defined NY = 5/2xyte this!

Sie1(X) hav no commen

0-5- Ope 101120(3)/yo ipm vanishings/is Ips

M
Ex :

on IP"xM let O(a) * (b) =& OpulaOpulb

~(0(a)x0(b)) = Eick (o,...,n ,
To

, ...,
Tm] bihomogenes of day (a,

b) in X
,

ya]

- canonichbij

This is a free module of ranls (*)(bm
Using (O(a)0(b)

,

So
. . . .,Su-/ and then defes IP*x 1PMN.



Segre embedding a= b =1

phx,pm- (p(a + y)(me)
=minim

[Xo,
..

., Xn]x[%, .. ., Ym]- [X0Yo
,

XoY
, ...,XoYm

,
X

, 40
,

Xilisor, or

... YnYm]

Ex : [[] - (2
,
1 +2) =5

-Dam
I is prime
↑ :

/2/s:
x)54/

ring of integers
↓ ju

fat : Localizations of dedekind domains (OQc]
are P

.
I
.

P
. s

Thus I is locally free rank 1 on Spec[T]
The global sections so : 25 : 1 + m "generate the idea" in the

sense that so
,

s
, generate every stalk Ep

.

In particular, they do not simultaneously vanish in 5.

i

.

.e., both belong to p5 in &CoS]y
Thus we have Spen [] Find pe

tert Differentia,Tangent sparsea
/for clos points pr

Tox isthe besia
X = (f=03c/

....,xTpX = [4f.(xy
...,

xn) = 03

X = Ult
, ...,fm/c/

Tp =ker[]
Jacobian

(x
Taif Fipiq

Y



relative tangent
↓

To(X/Y) = Ker (ToxFTqu

The dual of a K-rector space
U

is UV= HomSV
,
/

stat Tp
*

X= HpX

Algebraically,
cotanght space works better,

Lotaught span
will be a p. coh sheaf

associated to modules of "relative differentials" R
A/B

Fispet-Spa
0 : B - A

def:
defirthcerlativeWe

differentials and
A Hot an Amobuk

ams an

map

A-module by symbols dia

subject to relations

1)d(a, xay)= d(q) + d(a
,)

2) db = 0 for be Jud

3) "Leibniz" daal :diga'tadla'

And is a map
of Bmodules Hey fact :

SesA-
bk it is a group homomorphism and

d(ba) = d(b)a+ bd(a) The21/
= bd(a)

# Edxilie53 gewate Le Leibniz ruhe
-

RA/B and Edis/est genate by additivity and Lebniz rele

relativ cut shafof kermlAda
; -RA/B

SiteSpa

Ex:B(3/B
= Bx E : B + BA =A The R(B) /B

= 0

Ex : KCL Separable extension. ThenV

lcL] fek(x] Sit.
f(1) = 0



butf'(l/ to in L

-/ by flek

df(l) = 0

Leibniz

F(l)d(l) = o

= d(l) = 0

=> M4k = 0

Ex:/p
Il

Fold() =

Aplidin
d) o

fi is field
A =

k2x.. . ..yC
,
f

letp beak-port of See A

&A/A/=
finmtp

·
the

est

&portant tore

It V(E) =y

TY : My e
inclusion of lime Printing O on 5

/

TY'- TX - fun)*2

,
4)

should for
conormalshar

eAk To
Thm (21 .

2
.9) Sp CeBeA Spar - Spa

↳ d
are ring homomorphisms. Spac



adbie adb
Then ABRBA A ->o

is exut

da 1 da

# ⑦Ada -RAIB = exact atch Al

Since db =0 in relative dentals over B,

abioet Alterate
The Kernd ofMAKA is

G

guates by dbs

Recall :~Ak is the A-module queted by Edalact?
subjectto

1) Additivity dlaxa""daxdal

2)d(b) = 0 VbeB

3) Leibnit dlaa') : ada' data'

thry: given abou + B-A giving A = B/
.

Then
5/52 -> ABB,+20

↳sma
is exact

P: /2 = B/05

I B↓ 1 d

1di
A2B/

Sinc i =0 in A
, composition is 0.

By previousthe
, only need to show

that the di genate
Ker (ABMB-RAk)X

SanA-module

quetalydo
genated

forX
corresponding to I quot sheet of ideals

NyYV: = 5/52 = :
+5



Is called the conormal sheaf.

Goedizesheaf of differentials

X- Y map of schemes

we define 2x/+ groh sheaf on
X

oflative differentials onKitchenDifferentials

↑
To do this

,
we couldover y With Sp :

cover -"(Spec) With spert's and glue the

RA/ on Spart's together on distinguished open offines

Pf(f) Spat
112

Pf'(f) Spat

and showing we can construct compatible isos on Pal * Dalf'
this is possible by RA/ behaws well under localization

Instead :

Z ↑ va "geomuffin fast"

X =- X*X

Nx(X+ x) = TX
To do this: diagonal map ( , 1)

-
X+4-+ XiX

Cover Y With SpaBs and f(b B) with

Spet's.
Then AAA indus

Olspat .

Let H = Uspu A A
.

ThenO factors as

*
X -UcXXiX

closed immush

warning:
I Not always a closed immersion

When it is
,
f is called sepreted.

Na
/,/

I', -203

Spek

↑ not separted.



(sheaf of relative differentials

Def : m xy : = #/52
sylubal)

=*

t

We show the restriction of xilsend saA
is iso to

our previous def of
SpaB CY

-
Al as Amodule geneited by da

1) Andidat 2) db =0 3) Leibniz

By definition (global
-

2x/i/sma =
*12

Wher I = Ker (ABA-A)

5(spe ABA)

Thm (21 . 2 . 23): there is a canonical iso MA/B= 5/152

If: map of sheams of sets d : -5/2
df = [,f- π)5/52

XXX

#Y Y
X X

xyy
This makes sense by diy

her

blu +AA-A

fxl - 107 -5

Film

The canonical map h
Al

+ 5/52

da Hax1
- 10a

this is well dfind : dbreb1-leb

tensuvil-
= O

a)- 1

additively
V

by bilinearly
a (19

51BAxA=
Leibniz : d(a, a) = a

,
a
,
01 - 10a,a

a
,
d(az) + and(a,)

= (10a, )d(ay) + (a0a,)d(a,

= (10a , /(a-
01 - 10a)) + (a- xa)(a,

01 - 10a
,)

= anxa, -10a, anxana ,
0,a

,
= da, 92/



We claim map is surjective:

suffices to show that I

is generated by a 01-10 a

Take EXiY:
=0 with Xi

,
Y: A

an arbitr elect of J is of the form

E(x: xyi) = E(X: 0y) -(EX:)01
↳ O from above

= E(Xi0Y:
-X: %: 01/

= E(x: 01))104:
- 4, 01

Thus the canonical map is surjective.

Define 5/52-rAlB by restriction to 5

of ABA-RA/B
a

,xa
=

+ a
, day

we show the restriction to 52 is 0 so well-defined.

Let Exit:=0 and EXi'Y:=0.

We wish to show (EX: 04:)(Exityi o
Il

Exid
Leibniz

= Xi *Y: d(4) + Xix; Y; 'd(Yi))

-EditiEdi/
= 0

.

Suffices to show:/TEMAIBminus O

is theidentify date a1-10atead Ida

&A/B
+ 5/52

So the surjection is also injective

/fixeY
map ofschemes

r define Rxy =**5
& diagonal mas

SatXXX
Spea sat



We saw : for
any SpaBaY and Spatf"(SpuB

& X/ilspuA =M where M is th A-module with -A/ =M = Mxy(SmA)

genectors da net

-3 propts from before

Thy (21.
2

. 24) Let X + Y be a

↓BY

morphism of B-schemes.

Then

14 fry/B +x/Mx0

(2) If f
*

is a closed immersion
,

then

Nrye2x0

of NY + TV + TX + 0 : dual

#: exactness can be checked on the level of stalks
,

and

we proved the in affir case

Def: fixe Y is sath
, locally of finite type

in the sena that I a come of Y of affines

Spec B and a come of "(SpuB) by open affins

Sper A Sit
.

A is a fig.
B-algebra and whx/T

is locally free of rank n.

(More general : 2 .
2

.31

Th: Let XSe Y be a closed immersion determined by
X = V(S)

,
wher s is a section of a locally from

sheat of rank n-m corresponding to a regular sequence.

Let Yoverly be smouth of dimension n
,

let X be smouth

of dimension m .

Then

oMyr2x0
is exact.

If: we saw
,
N is locally fee ofrank n.m.

By def of smoothness MX/1 is locally free of rank m

My,

is locally free of rank n



By previous thm
,

we have exactness except at left.

Since a subjection of rank nom vector spars is an

injection, the maps on the fibes of

Nefr/
are injective. It is a result of commutation

algebra that if

prot pow is an iso med every

maximal ide
,

it is an iso. #

Comologyof QuestColerat sheaves

Let X be a scheme. The are functors

"derived functors" of TheF(X) "global sations
"

Ht"(x
,
- : g()(X)-Abbr i = 0

,
1,...

satisfying !

(1) Ho(
,
5)= F(x)

(2) Given 0-F1 Ge 0e0
short exact sequre, we hav

out+(x
,
8) +Ho(x, 4)

H'(X
,
5) ...

Feti(x,
GeH(x, p

Hi*(X
,
5)

0 -F-6+ 00natural wit morphisms
o

Lamma : Suppor E : X+ SpaR is separks. Then for any open office

SpanA , SpaBX
,

their interaction Sean Spl is affin.
8

If : Spanspe Satsam Stu
↓ ↓
X + X"sarX
↳

is a Fibe product . Sput YarSaB = Se (ARB)
is affin

.
O is a cloud immersion by def ofseparated.



Thus D' is a load immersion
,

and
any closed immersion into an affine

is affine.

Assum X-SMR sepakd ,
X quasicompart.

Let 1 = GU, ...,
U

n3 cover X by open affines.

for 5c[1 , .., n3 le US 4 :

Let C
*

(1
,
5) be the complex

o Fu Fuse ...eTue
(51 : 151-i

When the map

#F(us)151 = i

↑ fit
Flus F(us)

↑T

(45)

is 0 unless J= Ju (6) in which

case it is the restriction

Flus -F(UMui)
it 5

time (1)""Whe jo is th 17th element of 5

chim : this really is a complex
If: ie. S

.. 10 S, 0 inclusio

It suffices to show It Si08E =0 for all 5
,

151i

and 5 with 151 it

we may assum 5 = 5095. , 5. 3.
.

The

IgoS,
08

, 02 has two summands corresponding

f : f(45)ef(u
=- 35.3) e f(us)

g : F(us)eF(ususis) e Flus
WLOG

,
assum inhJ

,

&J = Ga, ...,11
,

%0
, 1411....,ke ,

J,a, ....
43

↑ is the restriction(US)-F/4) time Gett

g
" II " "Time (11

this fig =o as desired . So 05
..105

,%20



Recall that given a complex
Cx Mi FiM, FMizz

the (ix1)st schenology is

Hi*((x) =
Ker Six mSi

Moreover the snake Lemma showed

Lemma: given SES 0eC+ M
.
+ Q

.
+

of complexes
, meaning d dd

o - (i + Mi + 0 + 0
↓ ↓ ↓

O-Cix-Mite Mix
-o↓ d d

ot CixMitzi
has short exst rows, we have a long exact segue

H"(() + Hi (M) + H"(ax)
Ii * ((x) + ...

Def : Hi (X
,
5) to be th ith cohomology of

the complex above

-Fu eF
11= 2

Rank: this def satisfies th claimed LES.

Runk : Sinc # is a sheaf,

o5)(U)un is exact

Identifying-
with the first teas of our complex, Heg(X,5= F(X

for
any cover U.
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